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Summary
Simulation of high speed propulsion systems may be divided into two categories, nonlinear and linear. The
nonlinear simulations are usually based on multidimensional computational fluid dynamics (CFD) method-
ologies and tend to provide high resolution results that show the fine detail of the flow. Consequently, these
simulations are large, numerically intensive, and run much slower than real-time. The linear simulations
are usually based on large lumping techniques that are linearized about a steady-state operating condition.
These simplistic models often run at or near real-time but do not always capture the detailed dynamics of the
plant. Under a grant sponsored by the NASA Lewis Research Center, Cleveland, Ohio, a new method has
been developed that can be used to generate improved linear models for control design from multidimensional
steady-state CFD results. This CFD-based linear modeling technique provides a small perturbation model
that can be used for control applications and real-time simulations. It is important to note the utility of the
modeling procedure; all that is needed to obtain a linear model of the propulsion system is the geometry and
steady-state operating conditions from a multidimensional CFD simulation or experiment. This research
represents a beginning step in establishing a bridge between the controls discipline and the CFD discipline
so that the control engineer is able to effectively use multidimensional CFD results in control system design
and analysis.
1 Introduction
The development of inlet models for high speed propulsion systems is important because of the current
interest in high speed air-breathing propulsion systems. Modeling of these systems is difficult, because the
complex physical processes are represented by nonlinear partial differential equations (PDE). An accurate
plant model is required to develop a control system for the plant; the more accurate the model, the better
the control design. Typically these models are either based on traditional propulsion control models or CFD
models.
Traditionalpropulsioncontrolmodelstypicallyutilizealargelumpingtechniqueforthespatialderivatives
sothat thepropulsionsystemis representedby a setof nonlinearordinarydifferentialequations(ODE).
Thesequationsareoftenlinearizedaboutasteady-statepointsothatthecontrolmodelis linear.Methods
basedonthislinearODEapproachavebeendevelopedforpropulsionsystems,omeofwhichare:theCole-
Willohmodel[1],theMartinmodel[2],theBarrymodels[3],circuitmodels[4],andtheLaplacetransform
oftheGreen'sfunctionmethod[5][6].Unfortunatelythesemodelsareoftendifficultto implement,donot
alwayscapturethenonlineardynamicsofthesystem,andarenot typicallyusedformultidimensionalflows.
Accuratenonlinearmodelsof complexflowsareusuallyobtainedfromCFDcodes[7][8].Thesemodels
canto somedegreepredictthe behaviorof largeperturbationsin theflow field,includingunstart,buzz,
turbulence,boundarylayergrowth,et cetera.TypicallytheseCFDmodelsarebasedona largenumberof
nodeswhichcanthenbeusedin afinitedifferencemethodtoproducealargesystemofnonlinearequations.
Howeverdueto theirnonlinearityandlargesize,thesemodelsrequirelargeamountsof computationaltime
andthereforearenotsuitablefor controlsanalysisanddesign.
An effectivepropulsionsystemmodelfor controlsystemdesignmustadequatelycapturethedynamics
of thesystembutalsobeof smallorder.CFDmodelsfulfill thefirst requirement,andtraditionalcontrols
modelsfulfill thesecondrequirement.Therefore,a methodthat is basedonboth ideasmightprovidea
reasonablemodelfor controlsapplications.Thisconcepthasalreadybeenillustratedfor onedimensional
CFDmodels[9]. In that paper,thedevelopmentof a CFD-basedlinearmodelingmethodcombinedwith
modelreductionis usedto modelthe inviscidflowof anaxisymmetriconedimensionalmixedcompression
inlet.
In thispaper,theCFD-basedlinearmodelingmethodisappliedto theinviscidflowofanaxisymmetric
multidimensional mixed compression inlet. It should be noted that the whole inlet needs to be modeled in
order to accurately capture transient behavior. The CFD code PARC is used to obtain the steady-state and
transient data. The inflow boundary condition is assumed to be supersonic, the outflow boundary condition
is assumed to be subsonic, and the Mach number at the exit is used as the boundary condition input.
The next section describes the multidimensional CFD model development which is the basis for the linear
model of the inlet; this includes the governing equations, the development of the split flux model, and the
development of the boundary conditions. Then in section three, the linear model is derived by implementing
linearized methods of the previous section; an input and various outputs are also developed in this section.
A summary of the model reduction method and calculation of the associated error bounds follow in sections
four and five. In section six, an application of the method is illustrated on a mixed compression inlet, and
a conclusion follows in section seven.
2 CFD Model Development
2.1 Governing Equations
The dynamics of an internal flow propulsion system are often represented by the nonviscous multidimen-
sional Euler equations. The conservative form of these equations is defined by Hirsch [10] as:
Conservation of Mass:
+(p)O(/u) O(pv) o( )Oz - o (2.1)
Conservation of Momentum:
o (;u____A)+ o + p) + o A) + o
Ot Ox Oy Oz
-- 0
a (_) + a (_v) + a (pv_+ p) + o (_,o)
Ot Ox Oy Oz
o (p____A)+ o (p______A)+ a (pv_____2+ o (pw2+ p)
& Ox Oy Oz
- 0
- 0
(2.2)
Conservation of Energy:
a [w(pE + p)]0 (pE) + O [u (pE +p)] + O Iv (pE +p)] + = 0 (2.3)
Ot Ox Oy Oz
The number of equations in the nonlinear system of partial differential equations is 5N1N2N3 where N1, N2,
and N3 are the number of grid points in the x, y, and z-directions. The two dimensional form of the Euler
equations is obtained by removing the third momentum equation and the spatial derivatives with respect to
z in the remaining equations. Throughout this paper the three dimensional form of the equations will be
implemented.
If the partial derivative terms are expanded, the conservative form of the equations can be rewritten as:
a-_ aT(-w) aT(_) o-Y(_)
0---_+ Ox + Oy + Oz -- 0 (2.4)
_vhere the vector components, u, 7 (-_), -_ (-_) and h (-_), are defined below.
State vector:
U -_
P
pw
pE
ml
m2
m3
C
/
The total energy per unit volume, e, is defined as, e = pE = p (e +
energy per unit mass.
(2.5)
U2 "_-V2 -_-W2_ where e is the internal
2 ]
Flux vectors:
pu
pu 2 +p
puv
puw
u (_+ p)
(2.6)
7(7) =
pv
puv
pv 2 + P
pvw
v(_+ p)
(2.7)
pw
puw
-Y (-¢) = pvw (2.s)
pw 2 +p
For a perfect gas the static pressure can be defined as:
= (7-1)(e, -_vP--*2N)P
P .7)) (2.9)= (7- 1) (e- _ (7
= (7-1) e-p 2
where 7 = ui" + v] + wk, and the flux vectors may be rewritten in terms of the state variables. Since the
flux vectors are homogenous functions of degree one in _-_, they can be written as:
-7(-_) = A-_
9 = (2.1o)
____+
h (7) = C_'
Now the derivative of the first flux vector with respect to x can be represented in quasi-linear form by the
following,
O_-o(-U) -- A ,0-_ (2.11)0x
where A is the Jacobian of the flux vector,
A_
0___ (2.12)
The Jacobians of the other flux vectors may be computed in the same manner. The substitution of the
Jacobians into equation (2.4) results in the following partial differential equation,
0-_ 0_' + B 0-_ 0-_ = 0 (2.13)
O'---[-+ A ox "-_y + C oz
where the Jacobians are defined as:
A
0 1 0 0 0
-u2 + _--_-b -.2 (3- 7)u -(7- 1)v -(7- 1)w 7-1
-uv v u 0 0
-uw w 0 u 0
-u[_ - (7- 1) 72] 7ep 7- 1 (_2 +2u2)2 - (7- 1)uv - (7- 1) uw 7u
(2.14)
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B
0 0
--UV V
-v2 + 2-_-_ 2 -(3"- 1)u
--VW 0
3'_
1 0 0
u 0 0
(3 - 3") v - (3"- 1) w 3'-1
w v 0
3"-1
2 (-_2"4-2v2)-(3"-i)vw 3"v
(2.15)
0 0 0 1
--UW W
0 W
-(3"- 1)u -(3"- 1)v
]
-w - (3" - 1) 7 2 - (3" - 1) uw - (3" - 1) vw P 2
The characteristics, or local eigenvalues, of the first Jacobian are equal to:
)tl,2, 3 ---- U
A4 = U-_-C
A5 ---- U -- C
the characteristics of the second Jacobian are equal to:
)tl,2, 3 _-- V
A4 = v +c
A5 = v-- c
and the characteristics of the third Jacobian are equal to:
V
(3 - 3") w
(72 + 2w2)
0
0
0 (2.16)
(3"- 1)
3'w
(2.17)
(2.18)
)tl,2,3 _ W
A4 = w+c (2.19)
_5 = w -- C
A system of ordinary differential equations that approximate equationNote that c is the speed of sound.
(2.13) can be obtained by replacing the spatial derivative terms with finite difference expressions; then
the system of equations may be integrated numerically to obtain the flow field solution. In order for the
overall system to be numerically stable, the direction of the characteristics must be taken into account
when the spatial derivatives are replaced. For example in the axial direction when the flow is supersonic,
07
the characteristics are all positive, and one finite difference expression can be used for the _----- term. If
0x .
the flow is subsonic, the signs of the characteristics are mixed, and a single finite difference expression for
07
--_. will create an unstable set of ordinary differential equations. If the Jacobians of equation (2.13) are
s_l]t according to the signs of the characteristics, then different finite difference expressions for the spatial
derivatives can be used for each of the positive and negative terms. The next section illustrates how to split
the system into its positive and negative parts.
2.2 Split Flux Model
Thesplit fluxmethoddetailedin references[10]and[11]issummarizedin thissection.Thesplit flux
methodseparatesafluxvectorintosubvectorswhichcorrespondto thepositiveandnegativecharacteristics
of theJacobian.Thesplit fluxmodelcanbewrittenasthefollowingequation,
07 0F(7) 0F(7) 0J(7) 0g- (7) oh+(-_) oh- (7)
Ot + Ox + Ox + 0-_ + Oy + Oz + Oz -- 0 (2.20)
and the positive and negative subvectors can be cMculated from the following:
f-_(-_) = A+_
(-_) = B+_ -_ (2.21)
(7) = c+_ *
Substitution of equation (2.21) into the split flux model equation (2.20) produces the following result.
__0-_ .+ 0 _ A- O-_ B + O-_ B - O _ _z + C_ ___zO-_ =Ot + A _ + Ox + Oy + Oy + C+ 0 (2.22)
The positive and negative Jacobians satisfy,
A = A++A -
B =. B++B -
C -- C++C -
and are calculated from:
A + = K1AilK11
B :t: = K2A2:t:K21
c ± = K3A_K¢ _
The right eigenvectors of A, B, and C are defined as:
K1
P P1 0 0
2c 2c
P (u + c) P (_ - c)
u 0 0 2"-c 2"-_c
pv pv
v o -p 2_ 2_
w p 0 pw pw
2c 2c
)y pw -pv +-_+cu _c Jr 3'-1 cu)
(2.23)
(2.24)
(2.25)
I(2
o 1 o _
2c 2c
pu pu
0 u p
2c 2c
P (v+ c) P (v- c)0 v 0 2"_ 2"--_
-p w 0 pw pw
2c 2c
7-1 cv I
(2.26)
K3
0 0 1 P P
2c 2c
pu pu
0 -p u 2c 2c
pv pvp 0 v
2c 2c
P (w + c) P (w - _)o o w 2-_ 2_
pv - pu 2 +---
"7-1)2c + _ + cw
and the matrices A_, A_, and A3i can be defined as:
(2.27)
½(_ ± lul) o o o o
o ½(_ ± }ul) o o o
o o ½(_± lu{) o o
o o o 1(_÷_±1_+cl) o
1 (__ _± I_ - _1)0 0 0 0
(2.28)
½(v ± Ivl) o o o o
o ½(v _ Ivl) o o o
o o ½(v± Iv}) o o
o o o ½(v+_±lv+_l) o
1 (V -- C 4- Iv - cl)0 0 0 0
(2.29)
½(w ± I_,1) o o o o
o 1(_ ± }wl) o o o
1 (W -[-{_1) 0 00 0
0 0 0 l(w+c_lw+cl) 0
1 (w -- c 4- ]w -- El)0 0 0 0
(2.30)
There are a variety of splittings that can be used for A. As long as the characteristics of A + and A- satisfy
A = A + + A-, the splitting is valid. Once the system, equation (2.22), is split into its positive and negative
Jacobians,adifferentfirfitedifferencexpressioncanbeusedto approximatehespatialderivativesforeach
Jacobian.Thespatialderivativesassociatedwith thepositiveJacobiansarediscretizedwith a backward
differenceoperator:
0 i,j,l_ _ U i,j,k -- U i--l,j,k
OX Xi,j,k -- Xi--l,j,k
U i,j,k __ U i,j,k -- U i,j--l,k
Oy Yi,j,k -- Yi,j-- l,k
O--_,j,k _ u i,j,k - u i,j,k-1
OZ Zi,j, k -- Zi,j,k_ 1
(2.31)
and the spatial derivatives associated with the negative Jacobians are discretized with a forward difference
operator:
0Wi,j,k _ -_i+l,j,k - u i,j,_
OX XiT l,j, k -- Xi,j, k
O--_i,j,_ _ u iS+1,k - u _,j,_
Oy Ylj+l,k -- YiS,k
Ouis,k _ uid,k+l-- ui,j,k
OZ Zi,j,k+ 1 -- Zi,j, k
(2.32)
The grid point is denoted by the subscript i,j, k. The approximations for the spatial derivatives are substi-
tuted into equation (2.22) which results in the following equation at each grid point of the system.
0 -- _ _- i,j,k Xi,J, k Xi--l,J, k _x Xi+l,j,k Xi,j,k
Yi,i,k Yij-l,k / + B_j'k -- (2.33)
' \ Yi,j+l,k Yi,j,k ]
._-Ci+,j,k (._i'j'lo---_i'j'k--l._ .__C_.,k (-Ui,j,k+_______l---_i,j,k_
' \ Zi,J, k Zi,J, k-1 ] k Zi,J,k+ 1 Zi,J, Ic ]
This can be rewritten as:
85,
-- U i,j--l,lc -- U i,j,k--1
0 -- Ot Xi,j,k -- Xi--l,j,k U i--l,j,k Yi,j,k -- Yi,j--l,k Zi,j,k -- Zi,j,k--1
A+ B +
+ i,j,k _ A_j,_: + _,i,k
xi,j,k -- Xi--l,j,lc Xi+l,j,k -- xi,j,k Yi,j,k -- Yi,j--l,k
(2.34)
Bi'J'k 4 ¢,j,k _ C_,j,k -_,.i,k
Yi,j+l,lo -- Yi,j,k zi,j,lc -- zi,j,k-1 zi,j,k+l -- zi,j,l_
A_J'k -_i+l,j,k _- Bi"-J'k -Ui,j+l,k -]- Ci'j'k _i,j,l:+l
Xi+l,j,k -- Xi,j,k Yi,j+l,k -- Yi,j,k Zi,j,k-F1 -- Zi,j,k
Equation (2.34) represents the dynamics of the internal grid points of the CFD model; there are still boundary
conditions that must be satisfied at the following locations:
i ---- j=k=l
i = N1
j = N2
k = N3
where N1, N2, and N3 are the total number of grid points in the x, y and z-directions. The boundary
conditions are developed in the next section.
2.3 Boundary Conditions
Boundary conditions can be categorized as either physical or numerical. Numerical boundary conditions
correspond to characteristics leaving the domain; therefore they are determined from the interior grid points.
The physical boundary conditions correspond to characteristics entering the domain and cannot be deter-
mined from the interior grid points; therefore, they must be specified. The numerical treatment for the
boundary conditions follows in the next two sections.
2.3.1 Wall Boundary Conditions
The boundary conditions at the y and z-planes are implemented using the method of non-reflective
boundary conditions [10]. When using this method, the physical boundary conditions are set equal to zero,
and the numerical boundary conditions are determined from the interior grid points of the computational
grid. Since the characteristics at the boundary are propagating in one direction, one finite difference equation
can be used to replace the spatial derivative. The following is a general equation that can be used at these
boundaries (3"= 1,j = N2, k = 1, and k = N3) for the boundary conditions.
0 Ou*_,j,k A+j,k ( A +
_t Xi,j,k _ Xi-l,j,k U i-l,j,k _- _ xi'j'k _ Xi-l,J, k -- Xi+l,j,k _ Xi,J,k ]
d_z_j,k
Xi+l,j,k -- Xi,j,k U i+l,j,k "J- K2A2bc K21 O--_i,j,kO______+ K3A3bc K-13 O--_i,j,kOz
At the boundaries, A2bc and A3bc are determined from the numerical boundary conditions; where as, A + and
A- are determined from the positive and negative Jacobians from the split flux method.
0-_.
For j = 1, the spatial derivative -_y is replaced with a forward finite difference, equation (2.32), hence
A2b_ must have all negative characteristics. Therefore, --_-y, A2bc, B +, and B- become the following:
0W W_,j+l,k - u i,j,k
Oy Yi,j+l,k -- Yi,j,k
A2bc
A2bc
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
O000v-c
v O 0 0 0
O v O 0 0
OOv 0 0
0 0 0 0 0
O000v-c
,v>0
,v<0
(2.36)
B + -- 0
B- = K2A2_K21
Likewise, for k = 1, -_'z' A3bc, C +, and C- become the following:
Oz
zi,j,k+ 1 - zi,j, k
h3bc
A3bc
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
O000W--C
W 0 0 0 0
0 W 0 0 0
0 0 W 0 0
0 0 0 0 0
0 0 0 0 W--C
,w>0
,W<0
(2.37)
C + = 0
C- = K3A3_K31
' aT
For j = N2, the spatial derivative -_y is replaced with a backward finite difference, equation (2.31), hence
0-_
A2bc must have all positive characteristics. Therefore, --_-y, A2bc, B +, and B- become the following:
07 _
U i,j,k -- U i,j--l,k
Oy Yi,j,k - Y_,j-l,k
h2bc
A2b c
v 0 0 0
0 v 0 0
0 0 v 0
0 0 0 v+c
000 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 v+
0 0 0 0
0
0
0 ,v>0
0
0
0
0
0 ,v<0
0
0
(2.38)
B + = K2A2,,cK_ -1
B- = 0
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and for
0-_
k = N3, 0"_' A3bc, C +, and C- become the following:
0-_ _
u i,j,k - u i,j,k-1
Oz zi,j, k - zi,j,k_ 1
A3bc
w 0 0 0 0
0 w 0 0 0
0 0 w 0 0
0 0 0 w+c 0
0 0 0 0 0
A3bc
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 w+c 0
000 0 0
C + - K3A3bK31
C- -- 0
,w>0
,w<0
(2.39)
The coefficients for the wall boundary condition equations listed in section 3.2 will be computed from the
B +, B-, C +, and C- terms defined in the above equations.
2.3.2 Inflow and Outflow Boundary Conditions
Compatibility relations with time-differenced physical boundary conditions is the method used for the
trbatment of the inflow and outflow boundary conditions. Using this method, the incoming characteristics are
replaced with specific physical boundary conditions so that only information transmitted from the interior
is maintained. The general development for the treatment of the boundary conditions as taken from Hirsch
[10] and Chakravarthy [12] follows.
If the governing PDE, equation (2.4) from section 2.1,
+ 07 (-¢) + (v____)+ 0-; (-¢) _ o
Ot Ox Oy Oz
is rewritten in terms of the characteristic variables for the time derivative, the characteristic .variables can
be split into the incoming physical characteristics, w--fl, and the outgoing numerical characteristics, _.
(Kll)P OX (Kll)P Oy (Kll)P Oz 0 (2.40)
The partitioning of the /£1 matrix shown here will be discussed in detail in section 3.3.1. Note that the
position of the physical and numerical characteristics will be different for different types of boundary condi-
tions. With this boundary condition method, information transmitted by the characteristics to the interior is
discarded. Therefore, the incoming characteristics are set equal to zero by replacing them with the physical
boundary condition, Bbc = 0, as follows.
11
Converting back to conservative variables and replacing --
OBbc OBbc O-g_
_-_ with 0-_ 0t yields,
(gll) N -_0_+ q- (gll) N A0-U+ (gll) N B0_-+0y (gll) N 0-_+0zOBbc O-_ Ox + + C -- 0(2.42)
0 0 0
07 Ot
Now the implementation of the time-differenced boundary condition is performed. This is done by taking
the derivative of Bbc with respect to time and replacing the derivative by a finite difference equation.
OBb_ OBb_ 0-_
Ot 07 Ot
OB_ (-_.+1 _ -_)
OBb_(-_.+1 _ -_)Bbc(--_ n+l) = Bb_(-_'_) +--_--_-u
Now Bb_ ('_n+l) is set equal to zero, because it has replaced the incoming characteristic.
OBbc (-_+n+l -_+n)0 = Bb_(_'")+-5-_ -
-Bb_(-_") -- OBb_(_+1 _ -_)
OBb_ 07
-Bbc (-_) - 0-_ Ot
Substitute the last line of (2.44) into equation (2.42).
(2.43)
(2.44)
[, ll,N1 [o1OBb_ --5"[.+ A--_-x + B---_-y + Oz = (2.45)
0 0 0 --Bb_
Let L1 be defined as:
(KJ) _
51 =
OBbc
O-g
and L2 be defined as:
Substitute (2.46) and (2.47) into equation (2.45) and simplify.
(2.46)
(2.47)
[o]-- Lll --Bbc
[°1= Lll --Bbc (2.48)
O-_ 0--_" + L__IL2B O-_-v O-_zz_
_ + L-_IL2A + L_IL2C
ox y
o-e (ao-e Ba--e co-e_
at + Lll L=\ Ox + av + az ]
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Since the incoming characteristics have been zeroed out and replaced with physical boundary conditions, the
spatial derivative can be replaced with one finite difference expression. At the cowl lip the spatial derivative
with respect to x is replaced with a forward difference equation (2.32), and at the compressor face it is
replaced with a backward difference equation (2.31). For the spatial derivatives in the other directions, they
are replaced after B 4- and C + have been defined either from the boundary conditions or from the split flux
method, as shown in the following equations.
Cowl lip boundary condition:
O-_l,j,k + LilL 2 ( Al,j,k
Ot _ X2,j,k -- Xl,j,k -_2,j,k
B +A _,j,k __+ 1,j,k ---,
u 1,j,k -- u 1,j--l,k
X2,j,k -- Xl,j,k Yl,i,k -- Yl,j--l,k
B +
+ \Ylj,k -- Ylj-l,k -- Yl,j+l,k -- Yl,j,k/ "-_l,j,k "_
B_,,j,k .--.
u 1,j+l,k
Ylj+l,k -- Yl,j,k
C ÷
CtJ'k -_l,j,k-1-}- (' l'J'---kk -- Cl"J-z-'k"
Zl,j,k __ Zl,j,k_l _kzl'j'k __ Zl,J,k--1 Zl,J,kd-1 __ Zl,J,l¢ / "_l,j,]c
)C_"J'k -_l,j,k+l _-_ L11zl,j,k+l -- zlj, k 0
(2.49)
Compressor face boundary condition:
O'-_Nl,j,k ._[_ i1152 ( A_ -UNl,j,k- ANI'J'k --_
Ot \ XNI,j,k _ XNt--l,J,k XNt,j, k _ XNI--I,J,k Nt--l,j,k
BNI'J'k --_ Nl,j--l,k -1- _B_Vl j,k _ BNI,j,k - _ Nl,j,k
YN1 ,j,k -- YN1 ,j--l,k \YN1 ,j,k -- YN1 ,j--l,k YN1 ,j+l,k -- YN_ ,j,k /
B_, ,j,k _ CTv_,j,k
U Nl,j-t-l,k --
YNt ,j+l,k -- YNt ,j,k
1,j,k
ZNl,J,k _ ZNl,J,k--1 U Nl,j,k--1 -_ _ zNt'j'k _ ZNI,J,k--1
(2.50)
CNt'j'k U Nl,j,k Ar CNl,j,k -'_Nt,j,k+l = Lll --Bbc
ZNl,j,k+l -- ZNI,j,/z ZNI,j,k+I -- ZNI ,j,k
The next section develops the linear model using the split flux technique from section 2.2 and the boundary
condition methods from section 2.3.
3 Linear Model Development
3.1 Small Perturbation Model
For a small perturbation model, the states, inputs, and outputs of a nonlinear system are assumed to
be the combination of a steady-state value and a small time dependent perturbation as shown below in
equations (3.1) through (3.3).
States:
= _ + 5_ (3.1)
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Inputs:
= + (3.2)
Outputs:
V = Vs8 + 5]7 (3.3)
The small perturbation model is only valid when operating within a small region around the steady-state
value; once outside this region, the linear model is no longer an accurate representation of the nonlinear
system. In other words, the farther the nonlinear model moves away from the operating point, the less
accurate the hnear dynamic response.
Because of the large munber of equations in the CFD-based model, it is convenient to describe the small
perturbation model in state space format; this also facilitates the placement of the inputs and outputs for
the system.
d_5_ = AS_ + BS_
5_ = C5_+D5_
The A, B, C, and D matrices are defined as follows:
A = system matrix
B = input matrix
C = output matrix
D = input/output matrix
(3.4)
(3.5)
The data needed for the calculation of these matrices is obtained from a steady-state operating point of the
propulsion system model. The contents of these matrices are developed in the following sections.
3.2 System Matrix
The system matrix for the small perturbation model is generated by applying equation (2.34) to each
grid point of the propulsion system with the Jacobians evaluated at the steady-state operating point. For
the interior grid points, equation (2.34) can be rewritten as follows:
05 u _,j,k
- di,j,k5 u i-l,j,k + bi,j, k5 u i,j-l,k 3v gi,j,k5 u i,j,k-1 + ai,j,k5 u i,j,k (3.6)Ot
.-..4 _ -...+
+ei,j,k5 u i+l,/,k + ci,j,k5 u i,j+l,k + fi,j,k5 u i,j,k+l
where the coefficients on 5-_ are defined as:
A_,j,k
al,j,k :
Xi+l,j,k -- Xi,j,k
BtLk
Yi,j,k -- Yi,j-l,k
B +
bi,j,k = i,j,k
Yi,j,k -- Yi,j- l,k
--B¢,-y,k
Ci,j,k =
Yi,j+l,k -- Yid,k
A+j,k Bi,i,_:
- +
Xi,j,k -- Xi--l,j,k Yi,jTl,k -- Yi,j,k
+ _ c&,,
zl,j,k+ 1 -- zi,j, k zl,j,k -- zi,j,k_ 1
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A+,k
dis,a =
Xi,j, k -- Xi_l,j, k
-AS, 
ei,j,k _
Xi+l,j,k -- xi,j,k
--C_,j,k
fis,k =
Zi,j,k+ l -- Zi,j,k
C+j,k
gi,j,k :
Zi,j, k -- Zi,j,k_ 1
(3.7)
This can be written in the following compact form:
d ---* ---*
--_SX = ASX (3.8)
If the i, j, and k indices are incremented in the following manner (((k = 1,.-., N3) j = 1,..., N2) i -- 1,..., N1)
5_ is defined as:
_-_1,1,1
_-_1,1,2
U 1,1,Na
5-_:,2,:
6_ ---- : U 1,2,N3
5 u :,N2,1
U 1,N2,N3
5-_2,1,1
5-_ NI,N2,Na
The banded structure of the A matrix is shown below:
a f c
g a f c
g a f c
g a f
b g a f
b g a f
b g a
d b g
d b
d b
e
e
c
13
f
a f
g a
(3.9)
(3.10)A ___
The size of the system matrix is 5NIN2N3 by 5N1N2N3. There may be some confusion between the system
eigenvalues, which are the eigenvalues of the A matrix, and the local eigenvalues, which are the characteristics
of the Jacobians. The local eigenvalues may be positive or negative depending on the flow conditions, but
the eigenvalues of a stable continuous time linear model must have negative real parts. Therefore, all the
eigenvalues of A must have negative real parts. The small perturbation model will be stable when the spatial
derivatives of equation (2.22) are properly discretized according to the local eigenvalues.
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Theprocedureforthedevelopmentofthesystemmatrixmustbemodifiedwhentheboundaryconditions
aretakenintoconsideration.Thelinearizedequationsneededforthewallboundaryconditionsandinflow
boundaryconditionswill bedevelopedbelow.Thelinearizedequationsfor theoutflowboundaryconditions
arelisted,but theirdevelopmentisdetailedin section3.3.
3.2.1 Wall Boundary Conditions for the SystemMatrix
---:t
05 U i,1,1
Ot
The wall boundary conditions are implemented as modifications to the system matrix following the
method developed in section 2.3.1. With i = 2,.-., N1 - 1, the equations and coefficients are shown below.
---* e ---+ ---* --*di,1,15-u-_i-1,l,1 -_- 34,1,15 u i,1,1 -_- i,1,15 u i+1,1,1 -_- ci,1,15 u i,2,1 -_- fi,1,15 u i,1,2 (3.11)
A +
di,l,1 _-_ i,1,1
xi,1,1 -- Xi_l,1,1
A_,1,1
34,1,1 _-_
Xi+l,1,1 -- Xi,1,1
--A_,I,1
el,l,1
Xi+l,1,1 - xi,1,1
-B;,1,1
el,l, 1 --
Yi,2,1 -- YI,I,1
f_,1,1 -- -- C_-'1'1
Zi,1, 2 -- Zi,1,1
A + B_,I, 1 C_,1,1
_,1,1 + _+
Xi,1,1 -- Xi--I,I,1 Yi,2,1 -- Yi,I,1 Zi,1,2 -- Zi,l,1
-- di,l,k5 u i-l,l,k "_- g_,l,k6 u i,l,k-1 _- 34,1,k5 u i,l,k (3.12)0t
+e_,l,k67_+l,l,k + ci,l,k5 u _,2,k + f_,l,k6 u i,l,k+l, k = 2,.-., N3 - 1
A +
i,l,k
di,l,k "-_
Xi,1, k -- Xi_l,1, k
C +
i,l,k
gi,l,k -_
Zi,1, k -- Zi,l,k_ 1
A_,l,k
34,1,k
 i+1,1,k-
-A x,k
ei,l,k =
Xi+l,1, k -- Xi,1, k
--B_,l,k
ci,1, k --
Yl,2,k -- Yi,l,k
--C_,l,k
fi,l,k
Zi,l,k+ 1 -- Zi,1, k
A + B_,I, k C_l,k _ C +
Xi,l,_ -- Xi--l,l,k Yi,2,k -- Yi,l,k Zi,1,/z+l -- Zi,l,k Zi,l,k -- Zi,l,k--1
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--..+
05 U i,l,Na
Ot
di,l,Na =
gi,l,N3 =
a/,1,N3 =
ei, l,Na =
CI,1,N3 =
--.+ ---+ --.a t
di,l,g36 u i-l,l,N3 -_-gi,l,N3 (5 u i,l,Na-1 Jr-ai,l,N3 (5 U i,I,Na
_-ei,l,N3 _-_ i+ l,l,Nz -Jr-Ci,I,N3 _-_ i,2,Na
Xi,I,N3 -- Xi_I,I,N3
C+1,N3
Zi,l,Na -- Zi,l,N3_ 1
A ,I,N3
Xi.t_I,I,N3 -- Xi,l,N3
Xi+I,I,N3 -- Xi,I,N3
Yi,2,Na -- Yi,I,N3
Atl,N3 _ B_,I, N_ C&,N_
Xi,l,N3 -- Xi--l,l,Na Yi,2,Na -- Yi,l,Na Zi,l,Na -- Zi,I,N3--1
(3.13)
Ot
di,j,1
b_,j,1
a/,j,1
ei,j,1
ci,j,1
f_,_,l
-- di,j,l_--_i-l,j,1 -Jr- bi,j,l_ u i,j-l,1 -t- ai,j,l_ u i,j,1 q- ei,j,l_ u i+1,j,1
---+
+ci5,15 u id+l,1 + fiS,l_ u i5,2, J = 2,..., N2 - 1
Xi,j,1 -- Xi--l,j,1
B_j,1
Yi,j,1 - Yi,j-l,1
A ,j,1
xiq_l,j, 1 -- xi,j, 1
-AV,j,1
xiq_l,j, 1 -- xi,j, 1
--B_d,1
Yi,j+ l,1 -- Yi,j,1
zi,j, 2 -- zl,j, 1
A+j,1 jr_ B_,,J, 1 Btj,1 Ci.j l
Xi,j,1 -- Xi--l,j,1 Yi,j+I,1 -- Yi,j,1 Yi,j,1 -- Yi,j-l,1 zi,j,2 -- Zi,j,1
(3.14)
05 u i,j, Na
Ot -- dl,j, Na5 U i--l,j, Na "t- bi,j,Na6 u i,j-l,N3 + gi,j,Na_ u i,j,N3-1
.----4
+ai,j, Na_ U i,j,ga + ei,j,Na_-'_i+l,j, Na + Ci,j,Na _ U i,j+l,Na, J = 2,..., N2 - 1
dl,j,Na
A ,m
Xi,j,Na -- Zi_l,j,Na
(3.15)
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bi,j,Na =
gi,L Ns =
ai,j,N 3 :
a6-Ui,N2,1
&
di,N2,1 ----
bi,N2,1 =
ai,N2,1 :
ei,N2,1 :
fI,N2,1 :
05 u i,g_,k
Ot
di,N2,k =
bi,N2,k =
Btj,N3
Yi,j,N3 -- Yl,j-- l,Na
C5,N3
Zi,j,Na -- Zi,j,N3-1
XiT l,j,Na -- Xi,j,N3
B j,N 
xi,j,Na -- xi-I,j,N3
C+j,N3
Yi,j,Na -- Yi,j--I,N3
Xi+ I,j,N3 -- xi,LN3
--B_d,g 3
Yi,j+ I,N3 -- Yi,j,N3
+
Zi,j,N3 -- Zi,j,N3--1
B_,N_
Yi,j+ l,Na -- Yi,j,Na
di,N2,15 u i-l,N2,1 -_ bi,N2,15 u I,N2-1,1 + a4,N2,1(_ U i,N2,1
_-ei,N2,1f-_ i+ l,N2,1 -_ fi,N2,15-_ i,N2,2
Ai+,N ,i
Xi,N2,1 -- Xi_l,N2,1
BIN2,1
YI,N2,1 -- Yi,N2--1,1
Xi+ l,N2,1 -- Xi,N2,1
--A_N2,1
Xi+I,N2,1 -- XI,N2,1
-CF,N:,I
Zi,N2,2 -- Zi,N2,1
AtN2,1 Bi+,N2,1 Ci?N2,1
Xi,N2,1 -- Xi_I,N2,1 Yi,N2,1 -- Yi,N2-1,1 Zi,N2,2 -- Zi,N2,1
(3.16)
----)" _ --4.di,N_,k6 u i--l,N,,,h -_-bi,N2,k5 u i,N2--1,k + gi,N2,k5 u i,N2,k--1
_-ai,N2,kS--_i,N2,k _- ei,N2,kS-_i+l,N2,k -_- fi,N2,lzS--_i,N2,k+l, k = 2,..., N3
A +g_ ,k
Xi,N2,k -- Xi--I,N2,lz
B i+,,N 2 ,k
Yi,N2 ,k -- Yi,N:--1,k
(3.17)
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gi,N2,k =
ai,N2 ,k =
ei,N2,k :
fi,N2,k =
zi,N2,k -- Zi,N2,k_ 1
A_N_ ,k
Xi+l,N2,k -- Xi,N2,k
C_,N2 ,k
+
Xi,N2,1 ¢ -- Xi_l,N2,k
Ci+,N2 ,k
Zi,N2,k+l -- Zi,N2,k
--A_N2,k
Xi+I,N2,1 z -- Xi,N2,k
--C_,N2 ,k
Zi,N2,k+l -- Zi,N2,k
Zi,N2,k -- Zi,N2,k_ 1
Yi,N2,k --Yi,N2-1,k
06 u i,g2,N3
Ot
di,N2,N3 ----
bi,N2 ,Na :
gi,N2 ,Na =
ai,N2 ,N3 :
ei,N2,Na :
----9. -----+
di,N2,Ns6-_i_l,N2,Ns + bi,N2,N36 u i,N2-1,Ns + gi,N2,N36 u i,N2,N3--1
----.+
@ai,N2,N36 U i,N2,N3 + ei,N2,Na 6 u i+I,N2,N3
A/+,N2 ,N3
Xi,N2,N_ -- Xi- I,N2,Ns
B+N2 ,N3
Yi,N2,Ns -- Yi,N2--1,Ns
6% ,N3
Zi,N2,N s -- Zi,N2,N3_ 1
xi+ l,N2,Na -- xi,N2,Na
B_N2 ,N3
Yi,N2 ,N3 -- Yi,N2-1,Ns
Xi + I,N2 ,N3 -- Xi,N2 ,N3
A +N_,Ns
Xi,N2,N a -- XI_I,N2,N 3
C+g2,g3
Zi,N2,N3 --Zi,N2,Na-1
(3.18)
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Wall Boundary Conditions
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3.2.2 Inflow Boundary Conditions for the System Matrix
The inflow boundary conditions are implemented as modifications to the system matrix following the
method developed in section 2.3.2. For this paper, the inflow boundary condition is assumed to be supersonic;
therefore, there are five physical boundary conditions and zero numerical boundary conditions [10]. From
equation (2.49), the matrices for the supersonic inflow boundary condition become:
OBbc
L1 - 07 (3.19)
L2 = 0
and
with
07
-- L_IBbc (3.20)0t
__ 91 b_ Bbc
- - O-?
P
ml
Bbc = m2
m3
C
Equation (3.20) becomes the following when it is linearized:
057 "_' _b ] -1
0t - :i= ]
If there are no upstream inputs fiBb_ becomes:
OBbc ,.______
_Bb_ -- _ o u
and the inflow boundary condition is represented by the following equation:
0571a,k
-- '_'-U l,j,kOt
with j = 1,.:.,N2 and k---- 1,...,N3.
(3.21)
(3.22)
(3.23)
(3.24)
k
Inflow Boundary Conditions
These boundary conditions are included as modifications to the system matrix at the first grid point in the
x-direction.
21
3.2.3 Outflow Boundary Conditions for the System Matrix
The outflow boundary conditions are also implemented as modifications to the system matrix following
the method developed in section 2.3.2. In general, the outflow boundary condition is subsonic; therefore,
there are four numerical boundary conditions and one physical boundary condition [10]. The equations for
the subsonic outflow boundary condition are as follows:
06-_Nt,I,1 _.+ _..+
0t -- dN1,1,15 u NI--I,I,1 "{- aNl,l,16 U NI,I,1 nu CNI,I,16-_N1,2,1 -{- fNI,I,16-_NI,I,2 (3.25a)
---+ _ --->
= dN_,l,k6 u N_-l,l,k _ gN_,l,k6 u N_,l,k-1 _ aNl,l,k6 U N_,l,k
-']-CNI,I,k6"_N1,2,k -}- fNl,l,k6-_Nl,l,k+l , k = 2,''', N3 - 1 (3.25b)
05-_ NI,_,N_
Ot ---- dNl,l,N36 U NI--I,I,N3 + gNI,I,N36 U NI,I,N3--1 + aNl,l,N36 U NI,I,N3 -}- CN,,1,N36 u N1,2,N3
(3.25c)
06"_N1 ,j,1
& = dN,,j,16 u NI--I,j,1 -{- bNl,j,16 u NI,j-I,1 + aNx,j,16 u N,,j,1
+CN15,15-_Nl,j+l,1 + fg1,j,15-_Nt j,2, j = 2,''', N2 - 1 (3.25d)
05 u Nt,j,k
& dN_,j,k6_ Nt--l,j,k -F- bNt,j,k6-_ N_,j_l, k -_-gNt,j,k6-_ Nt,j,k_ 1
-{-aNl,j, k6 u Nl,j,k -_- CNl,j,k6 u Nl,j+l,k _- fNl,j,k6 u Nl,j,k+l
j=2,...,N2-1,k=2,...,N3-1
(3.25e)
-..+
06 U Nt,j,Na
Ot -- dNt,j,N36 u N_-I,j,Na "-[-bNx,j,N36 U NI,j--I,N3 "{- gNt,j,Na6 U NI,j,N3--1
-]-aN,,j,N36-_ Nl,j,N 3 + CNl,j,N36-?_ Nt,j+l,N3, j = 2,..., W 2 - 1 (3.25f)
06 U N1,No,1
Ot -- dN_,N2,16 U NI-I,N2,1 "_ bN_,N2,16 U N1,N2-1,1 -_- aNI,N2,16 u Nt,N2,1 -{- fN1,N2,16 U Nt,N2,2
(3.25g)
05-_ N_,N_,k
Ot -- dNt,N2,k6-?_ Nt-l,N2,k -[-bN_,N2,k6--_ Nt,N2--1,k -5 gN1,N2,k6_ N1,N2,k-1
+aN_,N2,kg U N_,N2,_ + fgt,N_,_5 U N1,N_,k+I, k = 2,--., N3 - 1 (3.25h)
06"_ Nt ,N2 ,N3
Ot
b -+
= dNt,N2,N36 U N_-I,N2,N3 + N_,N_,N36 U Nx,N2--1,N3 + gNt,N2,N36 u N1,N2,N3--1
+aNt ,N2 ,g3 6 "U'_NI ,N2 ,N3 (3.25i)
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Outflow Boundary Conditions
Equation 3.25a Equation 3.25b Equation 3.25c
Equation 3.25d Equation 3.25e Equation 3.25f
Equation 3.25g Equation 3.25h Equation 3.25i
These boundary conditions are included as modifications to the system matrix at the last grid point in the
x-direction. They will be discussed at length in section 3.3 where the coefficients of the equations are defined,
and the input matrix, B, is derived.
3.3 Input Matrix for Downstream Mach Number
When the flow at the compressor face is subsonic, there are four numerical boundary conditions and
one physical boundary condition [10]. The numerical boundary conditions are associated with the positive
characteristics, and the physical boundary condition is associated with the negative characteristic. The
implementation of the downstream Mach number as a boundary condition input is derived below.
To begin with, take the inverse of (2.25), and then partition the matrix following the procedure from
section 2.3.2.
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K1 1 =
(Kll) N
-1
(3.26)
(Kll) P
Here, (K_-I)N is the _st fourrowsof K_-1 , and (K_-I)P is the last rowof Ki-1. The physicalboundary
condition equation is:
Bbc = M - Minput (3.27)
where Minpu t is the prescribed boundary condition input or set point, and M is defined as:
M = x/u2 + v2 + w2
c (3.28)
If M is rewritten in terms of the state variables p, ml, m2, m3, and e, equation (3.28) becomes the following:
M = v/2X/ml2 + m22 + m2 (3.29)
Taking the partial derivative of Bbc(--_) with respect to _-* yields,
OBb_ [ OM OM OM OM
0-_ -- [ Op Oral 0rn2 0rn3
where OM OM OM OM OM
0-7' Oral' Ore2' Ore----3'and "-_-c are shown below.
OMoe ] (3.30)
OM
Op
v_/ml 2 + m2 + m 2 (¢_ p-_2) _/7 (2¢ (7- 1)- 7p-v -_2) + p--6.2/
I
7 (2_- p-_)2 (1- 7) Ipl
OM
Oral
vF2ml/7 (2e (7 - 1) - 7p-_ 2) + p-_'2
- V }; sg.(p)
7 (2¢ - p-F 2) (7 - 1) vim 2 + m 2 + m 2
OM
x/_m2/7 (2¢ (7 - 1) - 7p-_ 2) + p-F 2
- V }; sgn(p)
7 (2¢ - p-_2) (7 - 1) v/m 2 + m 2 + m]
(3.31)
OM
Om3
v_m3_/7 (2¢(7- i)-pTp7 _) + pV2s_(p)
7 (2¢- j_) (7- 1)_/._ + ._ + m]
OM
Oe
v_fm_ + ._ + m_ 7 (2¢(7 - i)-pTp_ _) + p_
7 (2¢ - p_2) 2 (1 - 7)
sgn (p)
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Therefore, for the downstream Mach number boundary condition, L1 is defined as:
and L2 is defined as:
nl --
L2 --_
(Kll) N
(Kll) g
(3.32)
(3.33)
From equation (2.48), the compressor face boundary condition may be written as follows.
0 U N1 ,j,le .q_ L71L2 ANI,j,k + BN1 ,j,k q- CNl,j,k = L-_ 1 (3.34)
Ot Ox Oy Oz --Bb_
For this boundary condition to be implemented in the small perturbation model, it must be linearized as
shown below.
O_-_ N"J'k q- Lll L2 / AOtk, 06-_ Nl,j,k_x O_--_ N,,j,koy O_-_ NI'j'k )oz [i/igl ,j,k + BN1 ,j,k + CN_ ,j,k = L11
OB_ 5-_ OBb_
5Bb_- _ + OMi,_putSM_n_,_t
6Bbc is calculated as:
and can be rewritten as:
--SBb
35)
(3.36)
OM OM OM OM OM ] 6--_--5Bbc = Op ral re2 re3 06- 6Mi,_p_t (3.37)
06_ Nl,_,k
Now substituting equation (3.37) into equation (3.35) and replacing Ox with equation (2.31) yields:
06-_N 1 ,j,k " _ --
O_ -- L11L2 ANl 'J'k ( _ U Nl 'j'Ie -- _--U Nl-1'J'k _
\ XNi ,j,k XN i --1,j,k /
O6-'_ Ni,j,k Lll L2CN_,j,k 06_ g_,j,k
-L[ 1L2BNI ,j,k Oy Oz
-L11
04x5
aM aM OM OM OM
Op Oml Om2 Om3
+L{ -1 0 0 0 0 1 _Minput
OC
_--_ N1 ,j,k (3.38)
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this can be rewritten as the following:
05"-_Nl,j,k _ LllL2 ( ANI,j,k 5_gl,j,k +(_t XNI,j,k -- XNI_I,j, k
_(
ZN1 ,j,k -- ZN1 ,j,k--1
ANx ,j,k _--*_q-'?N1
XNI,j,k -- XNI--I,j,k
+
BN_'J'k 5 u Nl,j-l,k ....
YNI,j,k -- YN_,j--I,k \YNI,j,k -- YN_,j--I,k YNt,j+l,k -- YNI,j,k ] 5-_t Nl'j'k
+
BNI'J'k "5-?_ Nl,j+l,k "_- C_Ii'J'lz 5-_ Nl,j,k-1 (3.39)
YN_ ,j+l,k -- YN1 ,j,k ZN_,j,k -- ZN1 ,j,k--1
CNI'J'k ) 5"_ Nl,j,k CNI'j'k 5-U NI,j,k+I )ZNI,j,k+I -- ZNl,j,k ZN1 ,j,k+l -- ZNI,j,k
04x [-L71 OBbc 5--_NI,J,k+L11 0 0 0 0 1 5Mi,_p_t
The terms for the input matrix, B, are obtained from the coefficient on 5Mi_t. Equations (3.40) through
(3.48) are used to modify the system matrix, (3.10).
05 U N1,1,1
Ot -- dNi,1,15 u NI-1,1,1 -{- aNi,1,15 u NI,I,I -[- CNI,1,15 U NI,2,1 -_- fNl,l,15 "U,NI,1,2
dNl,l,1 ---- L11L2( -ANI'I'-----_I
k XNl,l,1 -- XNI_I,1,1 .]
(3.40)
aNl,l,1
CNI,I,1
fNl,l,1
: L11L2 I AN_,I,1 _}_ BNI,I,1XN1,l,1 -- XN1--1,1,1 YN1,2,1 -- YNI,I,1
_- -nlln2 _ B----N1-L'I'I )\YN1,2,1 -- YNI,I,1
_kZNI,I,2 -- ZNI,I,1 ]
-{- ZNI,I,2 -- ZNI,I,1 ] -- L{1
04×5
OB b______
o-_
05-_ N1,1,1z
Ot -- dN1,1,/¢5 u Nl-l,l,k -{- gNl,l,k5 u Nl,1,k--1 -{- aN_,l,k5 u NI,I,H
-[-CNl,l,kS-_yl,2,1c _-fNl,l,kS_Nl,l,k+l , k = 2,..., g 3 - 1
(3.41)
dNl,1,]c : 51152( A---N1 '1'----_-_
\ XNI,I,k -- XNI_I,I,k /
(
ggl,l,k = L11L2 \ zg_,l,k -- ZN_,l,k-1
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aN_,l,k
CNl,l,k
fNl,l,k
L-_I L2 { AN_,I,k _} BN_,I,k
\ XN_,I,k--XNI--I,I,k YN1,2,k--YN_,I,k
+ [o4x5]CTv,,1,k + _ L11ZNl,l,k -- ZNl,l,k_ 1 ZNI,I,k+I -- ZNl,l,k / OBbc
-L{I L2 ( B_l--'l'k ]
\YN1,2,k -- YNI,I,k ]
--nll n2
k ZNI,I,k+I -- Zgl,l,k'/
O5-_ N_,I,N_
dN_,I,N3
gNt,l,N3
aN_,I,N3
CNI,1,N3
dN_,l,N36 u NI--I,I,N3 -_- ZNt,l,N36 U NI,I,N3--1
• __).
J-aN_,I,N3__NI,I,N3 --_ CNI,I,N3(_ U N1,2,N3
LllL2 ( JN....!-I'I'N3 )
_,XNI,I,N 3 -- XN__I,I,N3
_kZNI,I,N3 -- ZNI,I,N3_ 1
Lll L2 ( ANt'I'Na q_XNI,I,N 3 -- XN__I,I,N3
CN_I__,I,N3 ) -- n_-iZNI,I,N3 ZN_,I,N3--1
-L11L2 { BNI'I'N3
\ YN1,2,N3 -- YN1,1,N3 ]
BN_,I,Na
YN1,2,N3 -- YNI,1,N3
04x5
OBb_
(3.42)
05 u N15,1
&
dN1 ,j, 1
bg_,j,1
ant ,j, 1
-- dNl,j,16 u NI-I,j,1 "4- bNI,j,16"_ NI,j--1,1 -J- aNl,j,16 u NI,j,1
-{-aNI,j,15 U NI,j+I,1 -_- fN_,j,15-_NI,j,2, j = 2,..., N2 - 1
= 51152( JNI,j,1 )\ XNI,j,1 -- XNI_I,j, 1
B +
= LllL2{ NI,j,1 ]
/
= illL2 ( ANI,j,1
\ XNI,j,1 -- XNI_I,j, 1
+
BNI ,j,1
YNI,j,1 -- YNI,j-I,1
BN1,5,1
YNI ,j+l,1 -- YN15,1
CN1 ,j,1
+ ZNI,j,"-'_-- - Z%l,j,1 ] -- L11
04×5
OBb_
(3.43)
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CNI,j,1
fN1 ,j, 1
GQS'-UN1 ,j,k
Ot
dNl,j,k =
bN_,j,k =
gN_,j,k =
aN_,j,k =
aN1 ,j,k =
fN_,j,k :
0 U N1 ,j,N3
Ot
dN1 ,j,N3
b N_ ,j,N3
gN_ ,j,N3
aNi ,j,N3
( B____I,j,1
= -LllL2 \YNI,j+I,1 -- YNI,j,1]
: _Li-IL2 ( CNI_...z,J,.._I )
kZNl,j,2 -- ZNI,j,1
---_ .._+dN_,j,k u Nt-l,j,k -}- bN_,j,k-_ Nx,j-l,k -Jr- gN_,j,k-_ N_,j,k--1 -]- aN_,j,k U N_,j,k
+CNl,j,k U Nl,j+l,k + fN_,j,k U Nl,j,k+l, J -'_ 2,''', N2 - 1, k = 2,..., N3 - 1
\ X Nl ,j,k -- X N1 --1,j,k /
B +
L{IL2( --'----Nl'j'k ._
\YNl,j,k -- YN1 ,j-l,k ]
C+
L11L2( _Nt,j,k
_ZNI,j,le -- ZN t ,j,k--1 ]
Lll L2 ( ANI,j,k
XNl,j,k -- XNI_I,j, k
+
BN_ ,j,k BN1 ,j,k
- +
YNl ,j,k -- YN1 ,j-- l,k
C_v, ,j,k + .... L11
ZNl,j,k -- ZNl,j,k_ 1 ZNl,j,k+l -- ZNl,j,k ]
-LllL2 ZN_,j,k+l ZNl,j,k
YN_ ,j+l,k -- YN_ ,j,k
04x5
OBb_
--_ b _ --+
-- dN_,j,N35 u NI--I,j,Na + Nl,j,N35 u NI,j--I,Na + gNI,j,N3 _ u NI,j,N3--1
+aNl,j,N3_ ?_ NI,j,N3 + , --CNI,j,Na_ U NI,j+I,Na, j :2,''- N2 1
= L-_IL2 ( AN_,j,N3
kx XNl,j,_ _ XN1--'---1,j,N 3 )
B +
= LllL2(. NI,j,N3
\YNI,j,N3 -- YNI,j--I,N3 ]
C +
= LIIL2(. NI,j,N3
_ ZNI,j,N 3 -- ZNI,j,N3_ 1 /
= LllL2 ( Agl,j,Na
\ X NI ,j,N a -- X Nt_ I,j,N3
+
B N_ ,j,N_
YN_ ,j,N3 -- YN_ ,j--I,N3
q BNI,j,N3 _ C+N__2,J,Na ) -- L11YNI,j+I,N3 -- YNhj,N3 ZNI,j,Na -- ZNI,j,N3--1
04×5
0Bb_
(3.44)
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CNI,j,N 3 --_ -L_IL2 ( BN15'N3
- YNI,j,N3]
0_ U N1,N'2,1
Ot -- dN1,N2,1(_ U NI--I,N2,1 nu bN1,N2,1(_ U N1,N2--1,1
-{-agl,N2,1(_ u N1,N_,I -_ fN1,N2,1 (_ u N1,N2,2
dN_,N2,1
bN_ ,N2,1
aN_,N2,1 =
fN_,N2,1
\ XN1,N2,1 -- XNI--I,N2,1 /
\ YN_,N2,1 -- YN_,N2-1,1
Lll L2 ( AWl,N2,1XN1,N2,1 -- XNI_I,N2,1
__ CN1,N2,1 .) - L{ 1ZN1,N2, 2 -- ZN1,N2,1
-LllL2 ( CN"N2'I
k ZN1,N2, -- ZN_,N2,1
+
BN_,N2,1
YN1,N2,1 -- YN1,N2--1,1
04x5
OBbc
O_ U N1,N2,k
Ot -- dN_,N2,k_ U NI--I,N2,k _- bN_,N2,H_ U N1,N2-1,k _ gN_,N2,k_ U N1,N2,H--1
-__+ __.+
+aN1,N2,k_ U g,,N2,k 2w fN1,N2,k_ u N1,N2,k+I, k : 2,.. •, N3 -- 1
d Ni ,N_ ,k
bN, ,N2 ,]¢
gN_,N2,k
aN1,N2 ,k
\ XN1,N2, k -- XN1 --1,N2,k /
\ YN_ ,N2 ,k -- YN1 ,N2--1,k /
= LllL2( C+N1,N2, k
_ ZN1,N2, k -- ZN1,N2,H_ 1 ]
: LllL2 ( ANI'N2'kXN1,N2, k -- XNI_I,N2,H
+
BN_,N2,k
YN_,N2,k -- YNI,N_-I,k
fN1,N2,k
6_1 ,N2 ,k __ CN1,N2 ,k
ZN1,Na,k -- ZN1,N2,k--1 ZN1,N_,k+I -- ZNI,N2,k / -- Lll
-LllL21'ZN_ CN_'N2'k"
,N2,k+l -- ZN1,N2,H }
04×5
0B_c
(3.46)
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(98"-_ N1 ,N2 ,N3
Ot
d Nx ,N2 ,N3
b N1,N2,N3
gN_ ,N2,N3
-- dN1,N2,Na_ U NI-I,N2,N3 "J-bN1,N2,N36 u N1,N2--1,N3
q-gN1,Na,Na_ U N1,N2,Na-1 _ aN1,N2,N3_ u N1,N2,Na
+
B N1,N2 ,N3
aN1 ,N2 ,N3
YNI ,Nz ,N3 -- YN1,N2 -1,N3
= LllL2( A__Nx_N2,N3 )
_ XNx,N2,N3 -- XNI_I,Nz,N a
= L11L2 ( • B+N1,N2, N3
\ YN1 ,N2 ,N3 -- YN1 ,N2--1,N3 }
)= L11L2 ( "-'N1,N2,N3
k ZNI,N2,N3 -- ZN1,N2,N3--1
= L11L2 ( ANI'N2'NaXNx,N2,Na -- XNI_I,N2,N 3
C+NI'N2'N3 ) -- L11ZNi,Nz,N3 -- ZN1,N2,N3--1
04×5
OBb_
(3.48)
3.4 Output Matrix
The outputs for the linearized inlet model are static pressure, total pressure, and Mach number. For an
input located at the compressor face, these outputs are located downstream of the normal shock. Outputs
upstream of the normal shock remain unaffected by a downstream disturbance, therefore they do not need
td be considered.
3.4.1 Static Pressure
The components of the output matrix, C, for the static pressure response are obtained by linearizing the
static pressure equation:
P : (7-1)(e- m2 +m22p +m2)
Opsp+ Op 5ml 0t9 6m2 q- 019 5m3 OPse5P = +
( ) (ml) (m2)@ = 7(7_1)1 m_+m_p2 +m] 5p-(7-1) -y 5m1-(7-1) -y 6m2
-(7-1) -_- 5rn3+(7-l)Se
Each coefficient of the small perturbation terms is an entry in the output matrix.
(3.49)
3.4.2 Total Pressure
The output equation for the total pressure is determined in the same manner as for the static pressure.
The components of the output matrix for the total pressure response are obtained from the linearization of
3O
thetotalpressurequation:
,7-1 2\ _-:Sr-_
pt=p(1 +_M ) (3.50)
The pressure and Mach number terms are replaced with expressions in terms of p, ml, m2, m3, and e,
m_ + m_) (1 "7)) '2e'TP + ("_ + "_ + mi) (1 - '7) _ _('7
..........1) (2e'Tp + (m_ + _--- L-_-
2"7P _ ,7 (2ep - mi2 - "_2 - m3)
]Pt (3.51)
Then the total pressure differential is calculated as shown below.
Opt 5p + Opt 5ml Opt 5e (3.52)
Each one of the coefficients in the small perturbation terms of the above equation is an entry in the output
matrix for the total pressure.
1
f2e'7 + p---_.2 (1 - "),)"_'7 - 1
Opt _ 72(2e'7(7--2)--P-V_2('72--4"7+l))_, ' _O_----p_ /
Op 2"7(2e - p7 2)
1
(2e'7 + P-V_2 (1 - "7)).... "7- 1Opt _ u (J2 (,7: - 3"7 + 1) - 2e,7 ('7 - 2)) ,7 (2e - p_+_)
Om_ ,7(2e - p-_)
Opt
Ore2
Opt
Orn 3
1
(2e'7 + P-v_2 ( 1 --'7))')'-- 1v (p-6 _2 ('72 - 3"7 + 1) -- 2e,7(,7-- 2)) \ 7---_--p_V)
,7(2c - p-_2)
1
/" 2e,7 + p-b-.2 (1 - ,7/) '7 - 1w(p--6*2(,72-3,7+ 1)-2e,7(,7-2)) _, --_--p_
Opt
Oe
,7(2_ - p72)
,7(2_ - p_,2_-_,
1
('2e,7 -I-p-F '2 (1 --'7) ) ,7- 1
(2e,7(,7-1)-p-V-_2(,72-,7+l))_ -_O_--p_-_-_ )
(3.53)
3.4.3 Mach Number
Likewise, the output equation for the Mach number is determined in the same manner. The components
of the output matrix for the Mach number response are obtained from the linearization of the Mach number
equation,
M = x/u2 + v2 + w2 (3.54)
C
The velocity and speed of sonnd terms are replaced with expressions in terms of p, ml, m2, m3, and e (as
shown in section 3.3). Again, the total differential of the Mach number is calculated,
OM OM OM OM OM 5e
5M = --_-pSp + _1-1 _ml + -_-----5m2orn2 -{- -A---_m3om3+ _ (3.55)
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andeachcoefficientonthesmallperturbationtermsisanentryin theoutputmatrixfortheMachnumber.
OM _ v/'2x/m2 +m2 + m2 (e-P-_2) _9'(2e(7- 1)_.yp_-*2)p + p-v_2
Op 7 (2_ - p-b->2)(i- 7)lPl
OM
Oral
x/_ml _' (2_ ('y - 1) _pTp'_2) + p--_2 sgn (p)
7 (26 - p-V_2) (_,- I)Vml 2 + m 2 + m 2
OM
Ore2
v/_m2 _ O,(2c ('y - i) _p.),p-_2) + p72 sgn (p)
(3.56)
OM V,_m3 _/7 (2e (7 - 1) -pTp7 2) + p--v_2 sgn(p)
Ore3 "),(2_ --p-_2) (,), _ 1) _/mi 2 + m_ + m32
OM _
Oe 3' (2_ - p-6_2) 2 (1 - 3')
sgn(p)
4 Model Reduction
The models developed from the linearized split flux method are usually too large to be used effectively
in the design of a control system; therefore, model reduction is necessary so that the linear model can be
transformed into one that is of manageable size. In addition, a reduced order model (ROM) is needed when a
transfer function of the system is desired, because the calculation of the transfer function from the full order
model (FOM) becomes a numerically ill-conditioned problem. In general, the linear reduced order model is
expected to perform like the linear flfll order model. There are many different methods that can be used for
model reduction; those considered here take advantage of the state space format of the linear model.
One of the most common model reduction methods is singular perturbation [13]. This method requires
a linear model that can be partitioned into slow and fast subsystems so that a reduced order model can be
obtained by neglecting the fast subsystem. The ability to partition the model into subsystems indicates that
the model possesses a two-time scale property; that is, there is a large gap in the spread of the eigenvalues
of the linear model. There is little contribution to the dynamics of the system from the fast eigenvalues;
therefore they can be discarded and a reduced order model obtained. But as was shown in [14] this method
does not provide the smallest reduced order model that can be achieved, since in general the linear systems
do not possess a two-time scale property.
Another popular method is balancing [15] [16] [17]. This method requires a linear model that can be
partitioned into a strongly controllable/observable subsystem and a least controllable/observable subsys-
tem. A reduced order model is then be obtained by discarding the least controllable/observable subsystem.
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However, the ability to partition the system into these subsystems indicates that the model is minimal;
that is, it is both controllable and observable. In general, linear models developed from the linearized CFD
method are not minimal. Therefore this method does not work well because of the many uncontrollable and
unobservable states in the linear model.
Two model reduction methods that are successfully applied to the linear model are the Schur and square
root methods [18]. Both of these methods take into account the controllability and observability of the linear
system, but they do not depend on the linear model being minimal. Although the Schur method is more
numerically robust than the square root method, the square root method is preferred over the Schur method
because it is computationally less expensive. In addition, since the reduced order model is balanced from the
square root method, smaller reduced order models can be extracted from the original reduced order model
without any more computations. The same is not true for the Schur method. The square root method is
described in the next section and will be applied to the linear models developed later in the paper.
4.1 Square Root Model Reduction
The square root method of model reduction detailed in [18] is summarized here for the readers convenience.
This model reduction method reduces the full order model by a balancing transformation that requires only
the first k (size of reduced order model) columns of the balancing transformation matrix. The reduced order
model (Ak, Bk, Ck, Dk) for the state space system (A, B, C, D) is calculated from:
Ak = ST, bigASR,big
Sk ---- ST, bigB
Ck = CSR,big
Dk ---- D
Computation of the transformation matrices S_L,b_g and Sn,big is shown below.
(4.1)
To begin with, the controllability and observability Grammiaus, P and Q, are calculated from the fol-
lowing Liapunov equations.
AP + PA T = -BB T
ATQ+QA = --cTc (4.2)
Once the Liapunov equations are solved for the Grammiaus, the square roots of P and Q,
P -= LcL T
Q -- LoL T (4.3)
are calculated from the following:
[Up, Sp, Vp] = SVD (P)
Lc = Updiag (_/diag(Sp))
(4.4)
[Uq, Sq, Vq] = SVD (Q)
Lo = Uqdiag(_/diag(Sq))
A singular value decomposition (SVD) of LTL_ produces the matrices needed to compute S T and Sn,big.L,big
IV, __1, Y] -= SVD (LTLc) (4.5)
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_--_-1is defmed as:
_-_1 = diag( o.z , 0.2, " ", o'm ) (4.6)
where m is the number of nonzero Hankel singular values represented by 0.. The o. are defined as the square
roots of the eigenvalues of the PQ matrix.
o. = (I (PQ))½ (4.7)
From _--_1, )-_bal is defined as:
Ebal = diag(o'l, 0-2, • •., o-k) (4.8)
Note that the o. are in descending order according to their magnitude. Now SL,big and SR,big can be calculated
from the following equations,
SL,big = LoU ,_z
and the reduced order model can be determined using equation (4.1). While this method works well for
the linearized one dimensional CFD models, it must be modified before it can be used for the linearized
multidimensional CFD models; because due to their large size and sparse structure, the multidimensional
CFD models are numerically ill-conditioned. These modifications are described in the next section.
4.2 Modified Square Root Model Reduction
Unfortunately for the linearized multidimensional CFD models, the calculation of the Grammians that
are needed for the square root model reduction is computationally prohibitive because of the large number
of' equations involved. However, low-rank approximate solutions to these large scale Liapunov equations are
possible. The approximate solution for the large scale Liapunov equation is calculated using the Arnoldi
method from [19]. In addition, further numerical savings are achieved if the SVD calculations are performed
using the partial SVD method from [20]. The modifications that are needed to the square root model
reduction method when using these approximations are detailed in this section.
Since the controllability and observability Grammians are approximations, the square root model reduc-
tion method has to be modified [21]. The approximate controllability and observability Grammians are equal
to:
Papprox = VpXp g T
Q_pprox = VqXqV T (4.10)
where the matrices Vp, Xp, Vq, and Xq are calculated using the Arnoldi approximation method from [19].
Then the matrices Lc and Lo from (4.3) are calculated using the following equations:
Lc = VpRp
Lo = VqRq
where Rp is the square root of Xp, and Rq is the square root of Xq as shown below.
[Ux_,Sx_,Vx,,] = SVD(X,,)
Rp = Uxpdiag<_diag(Sxp))
(4.11)
34
:, / ( , , • • , / ¸,¸%¸:,':
(4.12)
[Uxq, Sxq, Vx_] -- SVD (Xq)
Rq = Uxqdiag (_diag(Sx_))
The matrices needed to compute S T " and SR,b_g for equation (4.9) are then calculated from:
L,big
[U, _-_4, V] = SVD (LT L_) (4.13)
where _-_4 is defined (4.6) by and _-_b_t is defined by (4.8). Finally SL,b_g and SR,b_g are determined from
the following equations,
SL,big : LoU al
and the reduced order model is computed using equation (4.1). For this work, the singular value decomposi-
tions in the above equations were calculated using the subspace approximation method from [20]. Note that
in the modified square root model reduction, the approximate Grammians are never calculated; this results
in a significant savings in computation time and in storage requirements. The errors associated with the
model reduction and linearization processes are described in the next section.
5 Uncertainty
There is a certain amount of error associated with the linear models developed using the linearized split
flux method; in particular, there is error due to the linearization process and the model reduction process.
These errors can be characterized as modeling uncertainties which are represented by error bounds and are
derived below.
5.1 Linearization Error
The major source of error incurred in developing linear control models lies in the linearization process.
As long as all the expected perturbations from steady-state are "small", the error bounds will be small.
Here, small depends upon which variables are being considered and how sensitive the system dynamics are
to steady-state changes. Clearly this must be determined by trial and error for each system considered.
Normalizing the data allows all the variables to be weighted similarly. While many approaches can be
considered for determining error bounds, the one described below uses infinity norm bounds and is probably
the most useful for the control system designer. In addition, it is also a convenient form for the numerical
experiments considered. It should be noted that this error bound holds exactly only for linear systems; as
such, it only serves as an approximation of the true bound. Its accuracy will certainly be degraded for larger
perturbations.
The modeling error due to the linearization process is based on the fact that the infinity norm of the
transfer function error is less than or equal to the one norm of the unit impulse response error (B. Veillette,
University of Akron, Akron, OH., private communication).
[IGtr_e (jw) - G (jw)l]o _ _< Ilgtr_ (t) - g (t)lll (5.1)
(_tr_,e (jw) represents the transfer function of an exact linear model, if it were available, and G (jw) represents
the transfer function from the split flux linearization process. The infinity norm of the transfer function error
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is definedas:
IIGtrue (j_) - G (jw)llo o : Crmax { Gtrue (jo3) - G (j0))} (5.2)
and the one norm of the impulse response error is defined as:
/o]lgt_,_ (t)- g(t)lh = Igt_,e (t)- g(t)ldt (5.3)
fo Igt_,,, (t) - g (t)l dt can be approximated by:
cx_ N
f0 Igt_ (t) - (t)l dt __ _ Igt_,e - gnl ATg (5.4)
rt_0
Therefore, the error bound on the infinity norm of the transfer function can be represented by the following:
N
IIG_ (J_) - G (Jw)lloo < _ [g_u_ - g'_l AT (5.5)
r_=0
The notation can be simplified by expressing Gt_, (jw) - G (jw) as E (jw) and g_u_ - gn as e '_. Therefore,
the linearization error bound is represented as:
N
lIE (Jw)lloo< _ leVIAT (5.6)
n=O
For multi-input/multi-output systems (MIMO), the transfer functions and impulse responses are represented
in matrix form, and the linearization error bound can be determined from the following:
lie (J_)ll_ _ O'max {
Ilell(t)lll Ile12(t)lll
Ile21(t)lll Ile22(t)l11
Ile_l(t)lll Ile_2(t)lll
"'" Ilelp(t)lll /
"'" Ile2p(t)lll
°o °
•.. Ile_p(t)lll
The maximum singular value of a matrix is defined as:
O'max = (,_max (matrixTmatrix)) ½
(5.7)
(5.8)
For a MIMO system with p number of inputs and r number of outputs, the transfer function error matrix is
written as:
Ell (jw)
_1 (J_)
E=
E_I (jw)
and the impulse error matrix is written as:
El2 (jw) ... Elp(jw)
E22 (jw) ... E2p (jw)
°
E_2(jw) ... E_p (jW)
(5.9)
e12(t) .-. elp(t)
e22 (t) .-. e2p(t)
,
er2 (t) ... erp(t)
(5.10)
ell (t)
e21 (t)
e_
erl (t)
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In theprecedingdefmition,theonenormofeachelementis:
Hen (t)I[1 Jle12(t)Jll "'• JJelp(t)H1
Hem(t)JJx He22(t)[[1 -.- He2v(t)lJx
; • ,•. :
Ile_x(t)lll Ile_2(t)lh .•• Ile_p(t)[ll
(5.11)
and the approximation for (5.11) is:
N N N
[e_[_T _ [e_[AT .-. _ [e_p[_T
n=O n=O n=O
N N N
E [e_IAT E [e_IAT "'" E ]e_JAT
n=O n=O n=O
• o o •
N N N
[e_l [ AT _ [en2[ AT ... _ [ernp[ AT
n=O n=O n=O
(5.12)
Therefore the infinity norm of the error transfer function matrix is bounded by:
lIE (jw)[1_ _ O-max
¢ N
E [eh[ AT
n_0
N
E [e_l[ AT
n=0
N
E le_l[ AT
n----0
N N
E le_21AT .-. E leap[AT
n=0 n=0
N N
[e_2 ]AT -.. _ leap[ AT
n=0 n=0
o
N N
E [e_2[AT ... E Jeer]AT
n=0 n=O
(5.13)
and (5.13) is used to calculate the linearization error bound for a MIMO system.
The error analysis described above is based on the error in the unit impulse response• However, in general,
the input for the nonlinear model is a step not an impulse; therefore, the impulse error must be derived from
step response data. In the block diagram shown below, the setup for the error analysis is illustrated.
---_ G(s)true
G(s)
e(t)_¢p
This block diagram can be rearranged so that the outputs of the transfer functions are the impulse responses.
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__ G(S),r_
_(t) e(t)_t_p
I I I-I h(t)
Now, the step error is represented as the integration of the impulse error• Therefore, the impulse response
error can be determined from the step response data by taking the derivative of the step response error.
d
e(t) = -_ (y(t)tr_ e- y(t)) (5.14)
If the time derivative in the previous expression is approximated by a finite difference expression, then
equation (5.14) can be rewritten as:
and the linearization error bound can be calculated using (5.13).
(5.15)
5.2 Model Reduction Error
When using the modified square root model reduction described in the previous section, the bound on
the error between the linear full order model and the linear reduced order model can be calculated using the
method of the previous section.
IIG(jw) - Ck (J_)ll_ < IIg (t) -- gk (t)l[1 (5.16)
(_ (jw) represents the transfer function from the split flux linearization process, and Gk (jw) represents the
transfer function from the model reduction process. Following the procedure outlined above, the error bound
is calculated from:
N N N
leFll AT _ le_21AT ..- _: [e_p[ AT
n=0 n=O n=O
N N N
le_llAT _ le_2[AT ... _ leap[ AT
n=0 n=0 n=0
N N N
n=O n=O n=O
(5.17)
and e '_ is defined as:
(5.18)
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5.3 Total Error Bound
As the infinity norm bound of a system is a Nyquist plane bound, the bounds serve as magnitudes of
error incurred in each step in the modeling process• Thus, the total infinity norm bound is determined as
the sum of the individual bounds from linearization and model reduction. This is represented as:
(5.19)
where (_tr_ (jw)represents the transfer function of an exact linear model, G (jw) is the transfer function
from the linearization process, and Gk (jw) is the transfer function from the model reduction process.
6 Example Application
In this section, two dimensional and three dimensional models of the variable diameter centerbody (VDC)
inlet are used to illustrate the CFD-based linear modeling technique discussed in this paper. The VDC inlet
is an axisymmetric inlet with a collapsible centerbody [22] and is typical of inlets being investigated for
use on aircraft being developed under NASA's High Speed Civil Transport program. The inlet is designed
lb
to operate at the following conditions: altitude = 65,000 ft, poo = 117 8 7_z, Too = 395 °R, Mo_ -- 2.5,
• ft
M_ompr_sso_ fac_ = .33, and 3, = 1.4, and simulation data for the nonlinear model was obtained from the
CFD code PARC [7]. The steady-state PARC data before the perturbation occurs is used to generate the
linear model, and the hnear model is validated from the transient PARC data that is generated by the
perturbation. In general, the perturbation is a step input that is not too large so that the small perturbation
analysis remains valid. Because the CFD model has so many equations (7, 896 for the 2D model and 61,800
for the 3D model) it is not numerically feasible to use the entire grid to derive a linear model at this time.
Therefore, the linear models are calculated based on reduced grids obtained from the original CFD grid.
These reduced grids are obtained by selecting grid points that approximate the entire grid. Once the linear
models are generated, the reduced order models are obtained using the modified square root method. The
nondimensional results for these examples are discussed in the next section, and the data for these matrices
are listed in section 8.3 of the appendix.
6.1 Results
6.1.1 2D VDC Inlet Model: Downstream Mach Number Perturbation
The two dimensional nonhnear CFD model from cowl lip to compressor face is represented by a 94 x 21
grid which has 1974 grid points (7896 states). The system has one input and two outputs. The inlet is
perturbed at 0.01 seconds with a -3% step in compressor face Mach number, and the system outputs for
static pressure are located downstream of the normal shock at X/Rc = 4.08 and X/R_ = 5.01. The -3%
change in the compressor face Mach number produces a 4.24% change in steady-state for the static pressure
output at X/Rc = 4.08 and a 3.05% change in the steady-state for the static pressure output at X/R_ = 5.01.
The overall error bounds for various hnear models based on reduced grids of the CFD model are listed below,
Grid
26x3
26x5
26x7
48 )<3
48 x5
48 ×7
[ _FOMStates _ROMStates Error Bound
312 13 0.43461
520 13 0.43382
728 13 0.43342
576 13 0.41472
960 13 0.41449
1344 13 0.41424
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andthenondimensionalresultsfortheabovemodelsareshownin Figures1- 12.
In Figure1, thePARCtransientdatafromthe94x 21grid is comparedto a ROMof the linearized
CFDmodeldevelopedfroma 26x 3 grid.In Figure2,thelocationsoftheFOMeigenvaluesarecompared
with thoseof theROM.TheFOMhas312statesandtheROMhas13states;thisrepresentsa reduction
of95.8%in thesizeof thelinearmodel.Theminimumeigenvaluefor theFOMis locatedat -8.9721x 101
andat -8.9724x 101fortheROM.ThemaximumeigenvaluefortheFOMislocatedat -4.6705x 104and
at -6.7659x 103± j7.3296 x 103 for the ROM. Note the minimum eigenvalue for the FOM and ROM are
approximately equal, but the maximum eigenvalue for the FOM is further to the left of the imaginary axis
than for the ROM. This is evident in all of the examples.
In Figure 3, the PARC transient data from the 94 x 21 grid is compared to a ROM of the linearized
CFD model developed from a 26 × 5 grid. In Figure 4, the locations of the FOM eigenvalues are compared
with those of the ROM. The FOM has 520 states and the ROM has 13 states; this represents a reduction
of 97.5% in the size of the linear model. The minimum eigenvalue for the FOM is located at -8.8813 x 101
and at -8.8783 x 101 for the ROM. The maximum eigenvalue for the FOM is located at -87577 x 104 and
at -3.1972 x 104 for the ROM.
In Figure 5, the PARC transient data from the 94 x 21 grid is compared to a ROM of the linearized
CFD model developed from a 26 x 7 grid. In Figure 6, the locations of the FOM eigenvalues are compared
with those of the ROM. The FOM has 728 states and the ROM has 13 states; this represents a reduction
of 98.2% in the size of the linear model. The minimum eigenvalue for the FOM is located at -8.8463 x 101
and at -8.8442 x 101 for the ROM. The maximum eigenvalue for the FOM is located at -1.2967 x 105 and
at -2.9908 x 104 for the ROM.
In Figure 7, the PARC transient data from the 94 x 21 grid is compared to a ROM of the linearized
CFD model developed from a 48 x 3 grid. In Figure 8, the locations of the FOM eigenvalues are compared
with those of the ROM. The FOM has 576 states and the ROM has 13 states; this represents a reduction
of 97.7% in the size of the linear model. The minimum eigenvalue for the FOM is located at -1.0385 x 102
and at -1.0398 x 102 for the ROM. The maximum eigenvalue for the FOM is located at -8.6676 x 104 and
at -3.9629 x 103 ± j8.4573 x 103 for the ROM.
In Figure 9, the PARC transient data from the 94 x 21 grid is compared to a ROM of the linearized
CFD model developed from a 48 x 5 grid. In Figure 10, the locations of the FOM eigenvalues are compared
with those of the ROM. The FOM has 960 states and the ROM has 13 states; this represents a reduction
of 98.6% in the size of the linear model. The minimum eigenvalue for the FOM is located at -1.0399 x 102
and at -1.0424 x 102 for the ROM. The maximum eigenvalue for the FOM is located at -1.1310 x 105 and
at -3.4176 x 103 ±j8.3316 x 103 for the ROM.
In Figure 11, the PARC transient data from the 94 x 21 grid is compared to a ROM of the linearized
CFD model developed from a 48 x 7 grid. In Figure 12, the locations of the FOM eigenvalues are compared
with those of the ROM. The FOM has 1344 states and the ROM has 13 states; this represents a reduction
of 99% in the size of the linear model. The minimum eigenvalue for the FOM is located at -1.0414 x 102
and at -1.0463 x 102 for the ROM. The maximum eigenvalue for the FOM is located at -1.5374 x 105 and
at -3.2790 x 103 ± j8.2064 x 103 for the ROM.
6.1.2 3D VDC Inlet Model: Downstream Mach Number Perturbation
The three dimensional nonlinear CFD model from cowl lip to compressor face is represented by a 103 x
15 x 8 grid which has 12,360 grid points (61,800 states). The system has one input and two outputs. The
inlet is perturbed at 0.01 seconds with a -3% step in compressor face Much number, and the system outputs
4O
forstaticpressurearelocatedat X/Rc = 3.9448 and X/Rc = 4.9262. The -3% change in the compressor
face Mach number produces a 3.988% change in steady-state for the static pressure output at X/R_ ----3.9448
and a 3.3362% change in the steady-state for the static pressure output at X/R_ = 4.9262. The overall error
bounds are listed below for two linear models based on reduced grids of the CFD model,
Grid _ FOM States
15 x 3 × 3 675
20x3x3 900
_ROMStates Error Bound
17 0.69196
17 0.67617
and the nondimensional results for the above models are shown in Figures 13 - 16.
In Figure 13, the PARC transient data from the 103 × 15 x 8 grid is compared to a ROM of the linearized
CFD model developed from a 15 x 3 x 3 grid. In Figure 14, the locations of the FOM eigenvalues are
compared with those of the ROM. The FOM has 675 states and the ROM has 17 states; this represents
a reduction of 97.5% in the size of the linear model. The minimum eigenvalue for the FOM is located at
-1.4375 x 102 and at -1.1705 x 102 for the ROM. The maximum eigenvalue for the FOM is located at
-5.4626 × 104 and at -8.3988 x 103 ± j3.6576 x 103 for the ROM.
In Figure 15, the PARC transient data from the 103 x 15 x 8 grid is compared to a ROM of the linearized
CFD model developed from a 20 x 3 x 3 grid. In Figure 16, the locations of the FOM eigenvalues are
compared with those of the ROM. The FOM has 900 states and the ROM has 17 states; this represents
a reduction of 98.1% in the size of the linear model. The minimum eigenvalue for the FOM is located at
-1.1268 × 102 and at -1.1268 x 102 for the ROM. The maximum eigenvalue for the FOM is located at
-5.4626 x 104 and at -8.4927 x 103 q- j3.3323 x 103 for the ROM.
6.2 Discussion
The CFD steady-state data from the reduced CFD grids seem to provide enough information to calculate
reasonable linear models that represent the original CFD model. Note that in the two dimensional results,
an increase in the number of nodes in the y-direction did not have as much effect on lowering the linearization
error bound as did an increase in the number of nodes in the x-direction. This result is shown in Figure 17
and illustrates that the inlet model is not strongly two dimensional. In general as the number of grid points is
increased in the reduced CFD grid, the better the linear model; in other words, linear models obtained from
larger reduced CFD grids have lower linearization error bounds. For the three dimensional model, increasing
the number of nodes in the x-direction lowered the linearization error bound but not by very much. This is
probably due to the fact that so little of the original CFD grid is being used in the development of the linear
model. The three dimensional example is included mainly as an application of the linear modeling concept
and model reduction process.
Linear results based on one dimensional data obtained from averaged two dimensional data are shown
in Figures 18 and 19. As was noted above, the inlet model is not strongly two dimensional; therefore, the
dynamic behavior of the inlet can be represented by a one dimensional linear model. The linear model
based on the averaged steady-state data has 282 states. The linear results based on one dimensional data
obtained from averaged three dimensional data are shown in Figures 20 and 21. The linear model based
on the averaged steady-state data has 309 states. Again, the three dimensional inlet model is adequately
represented by a one dimensional linear model based on the averaged steady-state data.
As was noted in the one dimensional modeling paper [9], the full order model eigenvalues closest to
the origin are reproduced in the reduced order model, but the eigenvalues farther away from the origin
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areapproximatedby just a feweigenvaluesin the reducedordermodel. Themodelreductionfor the
linearizedmodelsbasedon themultidimensionalCFDdatais notasstraightforwardasit is for theone
dimensionalmodels.In theonedimensionalcase,themodelreductionprocessfor the linearmodelsused
establishedmethods.Forthemultidimensionallinearmodels,themodelreductionprocesshadto bemodified
by implementingapproximationmethodsfor theGrammian and SVD calculations. These approximation
methods require that the user declare error tolerances for the algorithms and approximation sizes for the
matrices. The smaller the error tolerance used, the longer the approximation method takes to converge; so
there is a trade-off between computation speed and accuracy. In addition, as the full order linear models
become larger, the approximation sizes need to be made larger; this also increases the amount of time needed
to compute the reduced order model. Unfortunately, there are no proven guidelines that can be used when
choosing the approximation sizes and error tolerances for the model reduction method; improvement ia this
process needs to be addressed.
7 Conclusion
Linear dynamic models of multidimensional mixed compression inlets have been developed from steady-
state CFD results. As was the case for the one dimensional CFD models, it is possible to obtain a linear model
from the spatial information and steady-state operating conditions of a multidimensional CFD simulation.
The linearization process for the multidimensional models was more difficult due to the different types of
boundary conditions. The small perturbation models that result are useful for control applications, real-time
simulations, and model reduction. Additional types of inputs need to be developed as was done for the linear
models based on quasi-one dimensional CFD results [9].
Model reduction proved to be a more difficult problem than for the one dimensional case due to the
size of the computational grids of the multidimensional CFD models. Modifications to the existing model
reduction method were made which produced viable reduced order models. Furthermore, model reduction
for systems on the order of a thousand states is possible. Work remains to be completed on more ef[icient
mbdel reduction algorithms for these large scale systems.
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Appendices
Symbols
Jacobian for
system matrix
Jacobian for _
Oy
input matrix
physical boundary condition
Jacobian for a-_
output matrix
input/output matrix
speed of sound (seJ-_c)
total energy per unit mass _ _z_g)
error transfer function matrix
internal energy per unit mass ( t%/_2 )
error response
error impulse matrix
flux vector for the x-direction
transfer function
flux vector for the y-direction
impulse response
flux vector for the z-direction
matrix of right eigenvectors
Mach number
massflow per unit area _,sec #2)
number of grid points in the x-direction
number of grid points in the y-direction
number of grid points in the z-direction
pressure _
controllability Grammian
observability Grammian
cowl radius (ft)
entropy
time (see)
velocity (./.!.)s_ in the x-direction
velocity ///t in the y-direction
s_
l it /t i t z- ir ti
s_
vector of conservative variables
velocity vector
vector of characteristic variables
distance ( f t )
distance ( ft )
output reponse
distance ( f t )
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8.1.1
AT
c
5
A
A
P
o"
Greek Symbols
sampling time (sec)
e=- pE, total energy per unit volume (_t t )
small perturbation variable
unit impulse
ratio of specific heats
diagonal matrix of local characteristics
eigenvalue
density /' _l_g_\ St_)
singular value
frequency ( tad
_,sea /
8.1.2 Subscripts
bc boundary condition
i grid point in the x-direction
j grid point in the y-direction
k grid point in the z-direction
k size of reduced order model
L left
p number of outputs
R right
r number of inputs
t total conditions
8.'1.3
N
n
P
T
Superscripts
numerical
time level
physical
transpose
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8.2 Figures
8.2.1 2D VDC Inlet Model: DownstreamMach Number Perturbation
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8.2.2 3D VDC Inlet Model: Downstream Mach Number Perturbation
Output Response to a -3% Step in Compressor Face Mach Number
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8.2.3 2D VDC Inlet Model: Data Comparison
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Figure 17: 2D VDC Inlet Linear Model Comparison
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8.2.4 2D VDC Inlet Model: ID Model from 2D Averaged Data
Output Response to a -3% Step in Compressor Face Mach Number
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8.2.5 3D VDC Inlet Model: 1D Model from 3D AveragedData
Output Response to a -3% Step in Compressor Face Mach Number
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8.3 Matrices for Reduced Order Linear Models
8.3.1 2D VDC Inlet Model: Downstream Mach Number Perturbation
8.3.1.1 26 x 3 Grid
System Matrix [A]
Columns 1 through 6
-I.0255e+002 -1.4033e+002
2.2093e+002
-1.8683e+002
1.8411e+002
-1.3245e+002
1.0913e+002
2.2540e+001
-4.0438e+001
2.1764e+001
2.2328e+001
-1.5298e+001
4.0977e+000
-2.5383e+000
-3.7917e+002
1.4195e+003
-9.2390e+002
4 8332e+002
-4 4412e+002
-9 1965e+001
1 6202e+002
-8 7417e+001
-8 9731e+001
6 1472e+001
-i 6449e+001
1 0197e+001
Columns 7 through 12
1.0069e+001 4.0819e+001
1 1725e+002
8 9505e+001
-3 4241e+002
-i 0437e+003
7 7816e+002
-4 8341e+002
2 5063e+003
-I 0047e+003
-9 0363e+002
6 1240e+002
-1.7540e+002
1.0903e+002
5.8929e+001
-1.7056e+002
3.0550e+002
-6.8509e+001
-3.7345e+003
-1.9894e+003
-3.9720e+003
4.1477e+003
3.6098e+003
-3.1572e+003
8.1722e+002
-5.0426e+002
Column 13
4.4124e-001
7.9507e+000
9.3206e+000
-2.8351e+001
-5.6142e+001
-8.3960e+000
-2.5088e+002
1.6218e+002
-3.4820e+002
-1.9747e+003
1.7715e+003
-1.9314e+003
-5.4131e+003
1 3501e+002
-i 1727e+003
-4 6557e+002
7 1603e+002
-8 1438e+002
6 3725e+002
1.2418e+002
-2.2395e÷002
1.2041e+002
1.2412e+002
-8.5217e+001
2.2830e+001
-1.4137e+001
-1.9063e+001
1.6378e+001
1.4244e+002
-3.4980e+002
-4.0756e+002
2.0909e+003
2.3277e+002
1.5434e+002
-1.4139e+003
-1.6716e+003
1.8972e+003
-5.2263e÷002
3.4477e+002
-8.3608e+001 3.4645e+001 I.
7.5097e+002 4.9048e+002 I.
6.5513e+002 5.5007e+002 -5.
-1.2450e+003 -2.3700e+003 i.
2.6420e+003 -1.9782e+003 -9.
-1.6596e+003 3.5833e+003 -4
-3.0009e+002 8.0327e+002 -2
5.5744e+002 -1.2103e+003 3
-2.9822e+002 6.6887e+002 -i
-3.0930e+002 6.7680e+002 -i
2.1272e÷002 -4.6229e+002 1
-5.7033e+001 1.2324e+002 -3
3.5368e+001 -7.6172e+001 2
-1.9510e+001
6.1803e+001
1.6331e÷002
-3.7484e+002
-5.4782e+002
2 2577e+003
-5 6317e+002
3 2215e+003
-4 1516e+003
-5 0254e+003
8 1878e+003
-i 9743e+003
1 2017e+003
0379e+002
0045e+002
5065e+002
2228e+003
0652e+002
3863e+003
I006e+003
7847e+003
9898e+003
8642e+003
2176e+003
2653e+002
0254e+002
-7.4831e+000 3.6329e+000
-6.7737e+001 5.8024e+000
-2.7573e+001 -1.3655e+001
1.1328e+002 1.8785e+001
4.3561e+002 -3.0598e+001
2.3524e+002 -2.4656e+002
8.7657e+002 1.5314e+001
1.2781e+003 -9.7361e+002
4.1537e+002 5.7451e+002
-2.6730e+003 2.2351e+003
-4.3154e+003 1.9289e+002
2.0910e+003 -1.5182e+003
-1.6925e+003 3.5735e+003
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Input Matrix [B]
9.6540e+002
-8.8858e+002
7.8651e+002
-8.4196e+002
6.1995e+002
-5.1694e+002
-i.0622e+002
1.9015e+002
-i.0237e+002
-I.0507e+002
7.2004e+001
-1.9283e+001
1.1952e+001
Output Matrix [C]
Columns 1 through 6
-6.7767e+002 -8.6623e+002 -7.4260e+001 3.2476e+002 5.3850e+002
-6.8859e+002 2.7100e+002 7.8304e+002 -7.8850e+002 -3.1708e+002
Columns 7 through 12
1.2966e+002 1.1676e+002 -7.9688e+000 1.3084e+001 -6.9400e+001
-6.2663e+001 1.5445e+002 -1.2043e+002 -1.3748e+002 1.6733e+001
Column 13
9.9737e+000
-6.7083e+000
2.3275e+002
4.6508e+002
i.i069e+001
1.2464e+001
Input/Output Matrix [D]
0
0
57
8.3.1.2 26× 5 Grid
SystemMatrix [A]
Columns 1 through 6
-i.0130e+002 -I 3867e+002
2.1620e+002
-1.8431e+002
1.8193e+002
1.3075e+002
-i.0768e+002
2.6730e+001
-4.4093e+001
9.7886e+000
-2.1988e+001
-1.3105e+001
-1.7192e+000
4.1066e+000
-3 7095e+002
1 4165e+003
-9 1931e+002
-4 7567e+002
4 3814e+002
-i 0868e+002
1 7667e+002
-3 9404e+001
8 8355e+001
5 2636e+001
6 9168e+000
-i 6513e+001
Columns 7 through 12
7.2251e+000 4.3628e+001
1.
1
-3
1
-i
-6
2
-4
1
6
9
-2
1224e+002 6.0941e+001
0041e+002 -1.8714e+002
7172e+002 3.4665e+002
0192e+003 5.0733e+001
0833e+003 4.0840e+003
9951e+002 -1.3496e+003
8122e+003 -5.0362e+003
1704e+002 3.3567e+003
0366e+003 -4.0932e+003
5647e+002 -3.i621e+003
0397e+001 -3.9964e+002
1633e+002 9.5083e+002
Column 13
3.4407e+000
-1.9676e+001
-5.0931e+001
1.0651e+002
-1.5241e+002
2.8627e+002
5.9106e+002
-1.7558e+003
9.0314e+002
-9.9978e+003
-3.3404e+003
7.7656e+003
-3.2657e+004
1.3372e+002 -8.4302e+001
-I.1746e+003 7.6559e+002
-4.5959e+002 6.5398e+002
7.0664e+002 -1.2391e+003
8.0371e+002 -2.6390e+003
-6.2956e+002 1.6548e+003
1.4745e+002 -3.6009e+002
-2.4447e+002 6.1256e+002
5.4141e+001 -1.3411e+002
-1.2237e+002 3.0707e+002
-7.3084e+001 1.8373e+002
-9.5971e+000 2.4089e+001
2.2911e+001 -5.7641e+001
-4.6580e+000
3.2746e+001
7.9812e+001
-2.4685e+002
3.9817e+002
-7.5038e+002
-3.0139e+002
-1.3600e+003
-2.9282e+002
3.3911e+002
6.7849e+002
1.1878e+002
-2.8247e+002
1.8437e+001
-7.8357e+001
-1.6431e+002
3 7983e+002
-5 9550e+002
2 2990e+003
1 3548e+003
-4 1973e+003
3 7232e+003
-5 6575e+003
-8 0595e+003
-9 1242e+002
2 2335e+003
-3.5668e+001
-4 9205e+002 -9
-5 3612e+002 5
2 3686e+003 -i
-I 9474e+003 -8
3 5253e+003 -4
-9 2160e+002 2
1 3177e+003 -4
-3 0788e+002 8
6 6459e+002 -i
3 9430e+002 -i
5 1498e+001
-i 2292e+002
-9.0247e+000
-5.4084e+001
-4.9668e+000
5.0626e+001
-3.2707e+002
-4.5683e+002
7.3993e+002
1.8419e+003
7.4581e+002
3.2707e+003
-4.2062e+003
-i°3702e+003
3.5142e+003
-i 0265e+002
9622e+001
5221e+002
2605e+003
9620e+002
3559e+003
5613e+003
1251e+003
7511e+002
8396e+003
0467e+003
-I 3869e+002
3 3069e+002
-2.2976e+000
-7.3942e-001
1.0593e+001
-8.9564e+000
-i.0039e+001
-1.6212e+002
-8.9542e+001
7.1874e+002
-3.0943e+002
1.2195e+003
-8.6596e+002
-1.6653e+003
4.6800e+003
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Input Matrix [B]
9.5925e+002
-8.7457e+002
7.8027e+002
-8.3652e+002
-6.1544e+002
5.1305e+002
-1.2664e+002
2.0856e+002
-4.6323e+001
1.0408e+002
6.2041e+001
8.1399e+000
-1.9454e+001
Output Matrix [(3]
Columns 1 through 6
-6.7501e+002 -8.6288e+002 -6.8448e+001 3.2103e+002 -5.3706e+002 -2.3012e+002
-6.8408e+002 2.7743e+002 7.7683e+002 -7.8971e+002 3.0941e+002 -4.6601e+002
Columns 7 through 12
1.2159e+002 1.2135e+002 3.0474e+001 -2.4111e+001 -6.1034e+001-5.1730e+000
-7.4744e+001 1.7143e+002 -6.4954e+001 1.3897e+002 -1.3402e+000 -9.1019e+000
Column 13
-1.7028e+001
3.8283e+001
Input/Output Matrix [D]
0
0
59
8.3.1.3 26 × 7 Grid
System Matrix [A]
Columns 1 through 6
-i.0094e+002 -1.3798e+002
2.1573e+002
-1.8327e+002
1.8062e+002
1.3007e+002
-i.0753e+002
2.7303e+001
-4.4105e+001
5.5409e+000
-2.3940e+001
-1.2842e+001
-1.3565e+000
3.9972e+000
-3.7070e+002
1.4143e+003
-9 1530e+002
-4 7378e+002
4 3790e+002
-I ii15e+002
1 7693e+002
-2 2388e+001
9 6304e+001
5 1639e+001
5 4588e+000
-i 6089e+001
Columns 7 through 12
7.3147e+000 4.3408e+001
1.1409e+002
1.0414e+002
-3.9134e+002
1 0075e+003
-i I153e+003
-7 1866e+002
2 7725e+003
-i 8722e+002
1 1408e+003
6.4883e+002
7.1734e+001
-2.1170e+002
5.8557e+001
-1.8876e+002
3.5501e+002
5.1882e+001
4.0569e+003
-1.2480e+003
-5.1324e+003
2.8397e+003
-4.5755e+003
-3.1493e+003
-3.2147e+002
9.4532e+002
Column 13
3.7291e+000
-1.9685e+001
-4.8379e+001
9.9238e+001
-2.0361e+002
4.3820e+002
5.2903e+002
-1.9198e+003
6.2660e+002
-8.8375e+003
-3.7006e+003
1.9702e+003
-3.1368e+004
1.3332e+002
-i.1756e+003
-4.5510e+002
6.9857e+002
7.9585e+002
-6.2659e+002
1.4999e+002
-2.4365e+002
3.0435e+001
-1.3274e+002
-7.1353e+001
-7.5427e+000
2.2219e+001
-1.3041e+000
3.3388e+001
6.2528e+001
-2.1222e+002
3.5019e+002
-3.9396e+002
-3.2944e+002
-1.8005e+003
-8.9068e+001
-2.1092e+001
3.1203e+002
4.9978e+001
-1.5810e+002
-8.4070e+001 -3.6817e+001
7.6819e+002 -4.8668e+002
6.4886e+002 -5.2640e+002
-1.2265e+003 2.3685e+003
-2.6273e+003 -1.9263e+003
1.6508e+003 3.5024e+003
-3.6590e+002 -9.3486e+002
6.1090e+002 1.3110e+003
-7.4701e+001 -1.7837e+002
3.3332e+002 7.1945e+002
1.7951e+002 3.8441e+002
1.8946e+001 4.0374e+001
-5.5950e+001 -i.1891e+002
1.7895e+001 -8.8425e+000
-7.1789e+001 -5.3681e+001
-1.6068e+002 -2.8642e+000
3.7902e+002 4.3260e+001
-5.5588e+002 -3.2941e+002
2.2047e+003 -4.2147e+002
1.3015e+003 7.1261e+002
-3.9944e+003 1.7808e+003
2.8489e+003 8.6305e+002
-6.0759e+003 3.0742e+003
-7.6279e+003 -4.1982e+003
-6.9491e+002 -9.2567e+002
2.1186e+003 3.3551e+003
-I.0216e+002
-9.5743e+001
5.5463e+002
-1.2827e+003
-8 9618e+002
-4 3563e+003
2 6306e+003
-4 i186e+003
4 9365e+002
-2 0037e+003
-i 0273e+003
-I 0956e+002
3 2262e+002
-2 4964e+000
-i 9640e+000
9 1749e+000
-2 8165e+000
-5 1386e+000
-2 0042e+002
-6 5397e+001
7.9735e+002
-2.2395e+002
1.1337e+003
-9.4632e+002
-i.0687e+003
5.1491e+003
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Input Matrix [B]
9.5738e+002
-8.7445e+002
7.7681e+002
-8.3179e+002
-6.1311e+002
5.1318e+002
-1.2957e+002
2.0897e+002
-2.6269e+001
1.1351e+002
6.0896e+001
6.4309e+000
-1.8967e+001
Output Matrix [C]
Columns 1 through 6
-6.7403e+002 -8.6047e+002 -6.7453e+001 3.2312e+002 -5.3624e+002 -2.2718e+002
-6.8243e+002 2.7756e+002 7.7503e+002 -7.9089e+002 3.0228e+002 -4.6766e+002
Columns 7 through 12
1.2373e+002 1.1940e+002 3.6240e+001 -2.3144e+001 -5.9665e+001 -6.7813e+000
-7.7027e+001 1.7281e+002 -4.8324e+001 1.3570e+002 -1.8189e+000 -9.3922e+000
Column 13
-1.5488e+001
4.1400e+001
Input/Output Matrix [D]
0
0
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8.3.1.4 48 x 3 Grid
System Matrix [A]
Columns 1 through 6
-I.0483e+002 -1.9628e+002 1
2.5622e+002 -2.8724e+002 -i
-2.3583e+002 1.4265e+003 -5
1.5793e+002 -5.2051e+002 5
-1.6230e+002 4.0304e+002 -I
1.3473e+002 -4.2055e+002 7
-5.8742e+000 1.8187e+001 -2
-8.1706e+001 2.3803e+002 -3
-5.0294e+001 1.4895e+002 -2
-1.8189e+001 5.3657e+001 -9
-2.2756e+001 6.7384e+001 -i
1.4650e+001 -4.3277e+001 7
6.4721e+000 -1.9292e+001 3
Columns 7 through 12
9.6708e+000
-5.5568e+001
-1.4053e+002
1.8357e+002
5.1149e+002
-7.9759e+002
-1.4526e+001
-2.1361e+003
3.8276e+001
-1.3928e+002
-1.2722e+002
8.1512e+001
1.1508e+001
8 8381e+001
1 0082e+002
-2 2539e+002
4 4622e+002
1 5517e+002
-4 2275e+003
1 8236e+003
-2 7675e+003
-3 1697e+003
-i 5628e+003
-i 9778e+003
1 0234e+003
4 4335e+002
Column 13
-3 2506e+000
1 0952e+001
6 8427e+001
-i 2273e+002
-i 4504e+002
-i 1634e+001
6 2712e+002
8 9129e+002
3 0751e+003
-i 3937e+003
1 1527e+003
5 3541e+003
-4 2265e+002
2608e+002 -I.0084e+002 3.2454e+001 1.3399e+002
2499e+003 2.7453e+002 4.4786e+002 2.3388e+002
2074e+002 4.7068e+002 9.9519e+002 -3.6918e+002
1647e+002 -5.5848e+002 -2.2011e+003 9.3637e+002
0421e+003 2.3818e+003 -1.2281e+003 -i.1625e+003
1668e+002 -1.2319e+003 2.5626e+003 -2.2635e+003
4751e+001 3.2393e+001 -1.4856e+002 4.2708e+002
9587e+002 5.8413e+002 -1.2593e+003 3.8865e+003
4552e+002 3.6853e+002 -8.0614e+002 1:8197e+003
0158e+001 1.3775e+002 -2.8291e+002 5.6571e+002
1268e+002 1.7121e+002 -3.4955e+002 6.9668e+002
.2654e+001 -i.i063e+002 2.2303e+002 -4.8167e+002
.2306e+001 -4.8944e+001 9.8268e+001 -2.1911e+002
2
-I
-2
3
8
-I
-7
-6
-2
.8703e+001 -1.7045e+001 -3.6775e+001 1
.0002e+002 -9.7755e+000 -9.4945e+001 -3
.9719e+002 5.8658e+001 1.9830e+001 -i
.9332e+002 -1.2578e+002 -5 6875e+001 2
.7505e+002 8.8372e+001 1 5213e+000 5
.5345e+003 4.5363e+002 1 2998e+003 -5
.6998e+002 1.6516e+002 4 5397e+001 -i
.5346e+002 1.4433e+003 3 1795e+003 -2
.7704e+003 2.8469e+003 3 3216e+003 -7
-3.5625e+003 -2.8863e+002 -4 5229e+003 2
-3.6405e+003 1.5949e+003 -1.4218e+003 -i
1.8274e+003 9.8400e+002 2.2969e+003 -9
7.3170e+002 8.6116e+002 1.2048e+003 -8
7547e+001
7994e+001
8108e+002
7848e+002
9753e+002
3892e+002
5606e+003
7789e+003
1778e+003
9258e+003
5476e+003
1383e+003
5998e+003
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Input Matrix [B]
9 9631e+002
-9 2447e+002
9 9931e+002
-7 0536e+002
7 6353e+002
-6 5291e+002
2 7642e+001
3 8592e+002
2 3861e+002
8 6305e+001
1 0810e+002
-6 9656e+001
-3 0899e+001
Output Matrix [C]
Columns 1 through 6
-6.8180e+002 -9.3312e+002 -4.1095e+002 1.1514e+002 6.9145e+002 3.9987e+002
-7.2794e+002 1.3294e+002 8.9597e+002 -6.7167e+002 -4.7058e+002 5.2363e+002
Columns 7 through 12
-7.5019e+001 2.2344e+002 -i.0630e+002 -4.2305e+001 -1.4597e+002 -4.4552e+001
1.3009e+002 3.5647e+002 2.7348e+002 -6.5985e+001 -I.0972e+002 1.6872e+002
Column 13
2.6625e+001
-5.1848e+001
Input/Output Matrix [D]
0
0
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8.3.1.5 48 x 5 Grid
System Matrix [A]
Columns 1 through 6
-i.0455e+002 -1.9623e+002
2.4939e+002
-2.3701e+002
1.6106e+002
-1.6248e+002
1.3445e+002
-2.1338e+001
7.5448e+001
-4.6193e+001
3.6405e+001
-2.1556e+000
1.3818e+001
-7.3590e+000
-2.7304e+002
1.4268e+003
-5.1776e+002
3.8723e+002
-4.1173e+002
5 9735e+001
-2 1514e+002
1 3427e+002
-i 0590e+002
6 5082e+000
-4 0038e+001
2 1405e+001
Columns 7 through 12
1.8045e+001 -8 8483e+001
9.4530e+001
8.5641e+001
-8.1814e+001
-4.6196e+002
-5 0774e+002
-i 8170e+002
-i 2323e+003
-8 3553e+002
7 5695e+002
-9 3351e+001
2 2026e+002
-i 3483e+002
-I 2600e+002
2 6765e+002
-5 5609e+002
-4 6918e+002
4 3305e+003
2.7981e+003
-2.4868e+003
2.6807e+003
-3.0490e+003
9.2561e+001
-9.5159e+002
4.5876e+002
Column 13
5.5730e+000
-1.5162e+001
-6.1750e+001
9.8114e+001
1.0258e+002
-4.2661e+001
4.0652e+002
1.3328e+003
-3.0297e+003
-5.2930e+002
-1.5980e+003
-4.7722e+003
3.4494e+003
1 2796e+002
-i 2457e+003
-5 2322e+002
5 3116e+002
-I 0488e+003
7 I160e+002
-i 0788e+002
3 6488e+002
-2.2532e+002
1.8048e+002
-i.0495e+001
6.8588e+001
-3.6831e+001
3.2974e+001
-8.2547e+001
-3.0785e+002
4.4131e+002
9.0296e+002
-1.7812e+003
1.6803e+002
9.2563e+002
-2.2497e+003
5.2248e+003
1.5412e+002
1.5415e+003
-7°2494e+002
-I.0679e+002
2.6547e+002
4.7425e+002
-5.8328e+002
2.4369e+003
-1.2488e+003
1.6919e+002
-5.4693e+002
3.4517e+002
-2.8175e+002
1.6038e+001
-i.0712e+002
5.7324e+001
3.4044e+001
8.7920e+001
-7.4962e+000
8.6144e+001
-2.1406e+002
-I.ii03e+003
-8.2331e+002
2 9132e+003
-3 4683e+003
-2 5891e+003
-2 2558e+003
-2 2074e+003
1 6582e+003
2.8222e+001 1.3286e+002
4.8648e+002 2.2737e+002
1.0004e+003 -3.2782e+002
-2.1959e+003 9.
-1.2197e+003 -i.
2.5172e+003 -2.
-2.6683e+002 8
1.1850e+003 -3
-7.3878e+002 1
5.5866e+002 -i
-3.3701e+001 5
2.0881e+002 -4
-i.1005e+002 2
0265e+002
1346e+003
2774e+003
6235e+002
6783e+003
7351e+003
1426e+003
1640e+001
5851e+002
5131e+002
-1.0968e+001 1 5509e+001
-I.i126e+002 -6 8768e+001
-I.I002e+002 -i 7561e+002
9.9207e+001 2 5569e+002
1.4286e+002 5 1793e+002
6.5584e+002 -3 5196e+002
5.1974e+002 1 1448e+003
2.7243e+002 3.3454e+003
-1.2280e+003 -7.4550e+003
4.5829e+003 -2.7171e+002
7.2950e+001 -2.4987e+003
4.2164e+002 -8.4456e+003
2.8144e+002 1.0547e+004
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Input Matrix [B]
9 9516e+002
-8 9662e+002
1 0041e+003
-7 1895e+002
7 6645e+002
-6 5235e+002
1 0104e+002
-3 5682e+002
2 1942e+002
-I 7330e+002
1 0295e+001
-6 5821e+001
3 5145e+001
Output Matrix [(3]
Columns 1 through 6
-6.8178e+002 -9.4470e+002 -3.9999e+002 9.1059e+001 6.8014e+002
-7.2780e+002 1.4996e+002 8.9168e+002 -6.7764e+002 -4.7990e+002
Columns 7 through 12
1.5453e+002 -2.0383e+002 -8.8999e+001
-2.7551e+001 -3.8939e+002 2.8982e+002
Column 13
-1.8861e+001
5.3164e+001
4.0995e+002
5.1178e+002
1.5096e+002 -I.1461e+002 -5.8842e+001
8.4253e+001 1.0722e+001 1.6015e+002
Input/Output Matrix [D]
0
0
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8.3.1.6 48 x 7 Grid
System Matrix [A]
Columns 1 through 6
-i 0409e+002 -1.9907e+002 1.2492e+002 -i. I088e+002 2.9894e+001 1.3320e+002
2
-2
1
-i
1
-6
5
-4
-3
-i
-i
3
4836e+002 -2.6835e+002 -1.2575e+003 2.8630e+002 4.5674e+002 2.5421e+002
3417e+002 1.4292e+003 -5.0954e+002 4.7450e+002 9.9335e+002 -3.3624e+002
5853e+002 -5.1215e+002 5.0959e+002 -5.6875e+002 -2.1924e+003 9.5962e+002
6412e+002 3.9156e+002 -i.0466e+003 2.4773e+003 -1.2193e+003 -i.0894e+003
3282e+002 -4.0580e+002 6.9360e+002 -1.2409e+003 2.4404e+003 -2.2563e+003
9811e+001 1.9870e+002 -3.3085e+002 4.9540e+002 -I.i131e+003 3.4127e+003
7087e+001 -1.6083e+002 2.7634e+002 -4.2284e+002 8.3062e+002 -2.6048e+003
7621e+001 1.3787e+002 -2.2965e+002 3.5650e+002 -7.5180e+002 1.7062e+003
0830e+001 8.8913e+001 -1.5121e+002 2.3932e+002 -4.6115e+002 9.3352e+002
2461e+001 3.6196e+001 -6.0560e+001 9.4811e+001 -1.9195e+002 4.0328e+002
7659e+001 5.0840e+001 -8.6416e+001 1.3609e+002 -2.6390e+002 5.9107e+002
8254e+000 -i.i058e+001 1.9034e+001 -2.9548e+001 5.6577e+001 -1.3604e+002
Columns 7 through 12
6.5031e+001 -5.7400e+001 1.5414e+001 -4.1640e+001 -i.1395e+001 -I.1287e+001
5.3521e+001 -1.4669e+002 -1.2756e+002 -7 5931e+000 -1.2589e+002 2.5567e+001
-2.7061e+002 4.4545e+001 -2.7571e+002 1
5.4572e+002 -2.1265e+002 3.5902e+002 -2
5.9517e+002 1.9508e+002 9.1517e+002 -i
-3.3884e+003 2.4739e+003 -i.i191e+003 1
-1.8312e+003 -3.2676e+002 -1.3111e+003 2
3.2844e+003 -1.3877e+003 -2.5450e+002 -2
-2.0740e+003 2.4228e+003 -2.5366e+003 3
-2.0697e+003 1.9727e+003 -4.9978e+003 -i
-5.7788e+002 6.7734e+002 -6.3573e+002 2
-9.4256e+002 8.6056e+002 -2.0691e+003 -2
1.9036e+002 -1.8292e÷002 4.4304e+002 1
4344e+002 -1.2242e+002 8.9461e+001
6316e+002 7.4182e+001 -1.6091e+002
9123e+002 3.4736e+002 -3.0721e+002
6542e+003 3.6784e+002 3.9405e+002
6818e+003 -6.1243e+002 1.0956e+003
4940e+003 -5.4361e+002 -9.1853e+001
7422e+003 -1.8956e+003 3.4725e+003
9697e+003 -6.1339e+003 -4.3988e+003
8427e+003 -4.3431e+002 2.4845e+003
5017e+003 -1.5847e+003 -9.2850e+003
0769e+003 1.0643e+002 4.8257e+003
Column 13
-1.2417e+001
2.1396e+001
1.2171e+002
-1.9983e+002
-2.4419e+002
2.0158e+002
1.4490e+003
-1.3702e+002
4.8391e+003
-7.6598e+003
5.0499e+003
-1.4888e+004
6.6320e+003
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Input Matrix [B]
9.9293e+002
-8.8926e+002
9.9478e+002
-7.0708e+002
7.7543e+002
-6.4590e+002
3.3104e+002
-2.7082e+002
2.2690e+002
1.4710e+002
5.9450e+001
8.4334e+001
-1.8368e+001
Output Matrix [C]
Columns 1 through 6
-6.8252e+002 -9.4337e+002 -4.1131e+002 8.2356e+001 6.7933e+002
-7.2855e+002 1.4783e+002 8.9199e+002 -6.8364e+002 -4.6891e+002
Columns 7 through 12
9.3072e+001 -2.3150e+002 -1.4495e+002 -7.8913e+001 -1.3905e+002
3.4574e+002 -1.6555e+002
Column 13
3.6269e+001
-I.1410e+002
4.0654e+002
5.1561e+002
2.2953e+001
2.3060e+002 -1.8832e+002 3.4148e+001 -9.9862e+001
Input/Output Matrix [D]
0
0
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8.3.2 3D VDC Inlet Model: Downstream Mach Number Perturbation
8.3.2.1 15x3x3Grid
System Matrix [A]
Columns 1 through 6
-8.9089e+001 -2.8477e+002
2.9149e+002
-1.4482e+002
3.2395e+001
-i.0587e+002
3.9694e+001
4.3595e+001
-2.1687e+001
1.3773e+001
-i.1264e+001
5.3664e+000
-6.7474e+000
1.6037e+000
-1.2031e+000
-4.0208e-001
-3.3726e-001
3.0765e-001
-4.0097e+002
8.2662e+002
-1.2348e+002
4.1102e+002
-i 5959e+002
-i 6895e+002
8 4185e+001
-5 3478e+001
4 3730e+001
-2 0851e+001
2 6213e+001
-6 2298e+000
4 6735e+000
1 5620e+000
1 3101e+O00
-I 1951e+000
Columns 7 through 12
-1.9546e+001 8.4557e+000
-2 7240e+001
2 1635e+002
-i 8545e+002
-i 2541e+003
1 0853e+003
-2 1997e+003
1 5388e+003
-i 5335e+003
1 1549e+003
-5.4566e+002
6.8607e+002
-1.6192e+002
1.2151e+002
4.0631e+001
3.4040e+001
-3.1072e+001
8.5437e+000
-i.1723e+002
9.5964e+001
5.9512e+002
-3.7373e+002
1.5421e+003
-1.2908e+003
2.1500e+003
-1.4212e+003
6.4794e+002
-8.1534e+002
1.9075e+002
-1.4326e+002
-4.7967e+001
-3.9972e+001
3.6597e+001
Columns 13 through 17
-1.5649e+000 1.4593e+000
-5.5232e+000 4.8371e+000
-1.7775e+000 -3.6660e-001
-4.1420e+000 5.0086e+000
-1.4186e+001 2.0580e+001
4.2598e+001 -3.9931e+001
-9.5518e÷001 1.1678e+002
1.0522e+002 -1.4183e+002
-3.0088e+000 -7.9331e+001
4.4558e+002 -3.4288e+002
9.7643e+002 -8.3997e+002
-3.2367e+003 3.2056e+003
-3.6401e÷003 5.99i6e+003
4.0288e+003 -8.3056e+003
2.0885e+003 -7.5987e+003
1.5413e+003 -5.7425e+003
-1.3061e+003 4.0209e+003
-3 1694e+001
-6 5305e+002
-5 4169e+002
1 9769e+002
-9 4458e+002
2 8944e+002
3 1327e+002
-i 5718e+002
1 0076e+002
-8.2295e+001
3.9162e+001
-4.9248e+001
1.1705e+001
-8.7810e+000
-2.9351e+000
-2.4603e+000
2.2452e+000
-2.6019e+000
-2o4834e+001
-9.9812e+001
5.0899e+001
3.4117e+002
3.3420e+001
1.2776e+003
-1.9337e+003
-1.9758e+003
2.7745e÷003
-1.6890e+003
1.9103e+003
-4.6009e+002
3.4526e+002
1.1557e+002
9.6734e+001
-8.8326e+001
-5.5831e-001
-2.3537e÷000
-2.9280e+000
-9.2137e-002
3.9183e+000
1.3587e+001
-4 4895e+000
6 0799e+000
-9 5073e+001
2 3974e+002
3 5764e+002
-8 5378e+002
-2 5077e+003
5 3972e+003
-i 8870e+003
-7 0291e+003
2 5996e+003
-1.4626e+001
-7.6740e-001
9.9530e+001
-7.1802e+001
1.0870e+003
-2.1048e+002
-1.8525e+002
9.5383e+001
-6.2517e+001
5.0883e+001
-2.4234e+001
3.0470e+001
-7.2391e+000
5.4311e+000
1.8147e+000
1.5216e+000
-1.3885e+000
9.0706e+000
4.1180e+001
6.7762e+001
-i.0573e+001
-1.3407e+002
-2.2376e+002
-2 6957e+002
5 3048e+002
8 0054e+002
-2 3123e+003
3 1305e+003
-2 9995e+003
6 5408e+002
-4 9150e+002
-i 6386e+002
-I 4433e+002
1 2768e+002
-4.2748e-001
-1.5652e+000
-7.8528e-001
-9.2730e-001
-2.5391e+000
i. I078e+001
-2.2706e+001
2.9167e+001
-1.2709e+001
1.3096e+002
2.5426e+002
-8.5345e+002
-1.9577e+003
2.5718e+003
2.6544e+003
2.1499e+003
-1.4804e+003
-1.5213e+001
2.1118e+001
8.6629e+002
-i.0769e+003
-1.4188e+003
1.1077e+003
1.2994e+003
-6.0640e+002
3.6381e+002
-2.9995e+002
1.4336e+002
-i 8017e+002
4 2844e+001
-3 2139e+001
-i 0739e+001
-9 0137e+000
8 2194e+000
5.3139e+000
2.0660e+001
1.8274e+001
6.5951e+000
1.5380e+000
-1.3792e+002
1.7595e+002
-1.8416e+002
8.2780e+002
-2.9372e+003
-1.6625e+003
3.3137e+003
-i.0364e+003
7.5270e+002
2.4338e+002
2.1839e+002
-1.9278e+002
-1.4646e+000
-4.0649e+000
5.3497e+000
-7.9436e+000
-3.9295e+001
4.1809e+001
-1.8336e+002
2.3211e+002
2.8491e+002
1.6351e+002
7.5737e+002
-3.9281e÷003
-7.4874e+003
1.0405e+004
1.1980e+004
2.2744e+004
-i.i146e+004
3.9396e+001
1.4638e+002
3.6901e+001
1.4102e+002
-1.0237e+002
-5.3801e+002
-1.4850e+003
6 2848e+002
-3 7131e+002
3 0688e+002
-i 4346e+002
1 8097e+002
-4 3122e+001
3 2343e+001
1 0804e+001
9 0699e+000
-8 2703e+000
-6.1248e+000
-1.9513e+001
5.5233e+000
-2.3554e+001
-i.0364e+002
1.7364e+002
-5.4335e+002
6.1092e+002
3.4747e+002
1.7109e+003
2.1396e+003
-6.3908e+003
3.3619e+003
-2.3743e+003
-7.6408e+002
-6.0228e+002
5.7996e+002
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Input Matrix [B]
9.2761e+002
-1.0753e+003
7.7323e+002
-1.6571e+002
5.5326e+002
-2.0849e+002
-2.2685e+002
1.1292e+002
-7.1737e+001
5.8665e+001
-2.7953e+001
3.5146e+001
-8.3533e+000
6.2665e+000
2.0943e+000
1.7566e+000
-1.6024e+000
Output Matrix [C]
Columns 1 through 6
-6.2033e+002 -9.1893e+002 -7.1167e+002 6.5604e+001 3.4451e+002 1.1812e+002
-6.8972e+002 -5.5828e+002 3.0226e+002 -1.5240e+002 -4.3299e+002 1.7196e+002
Columns 7 through 12
8.3295e+001 -4.8461e+001 -6.1499e+001 5.7470e+001 2.1684e+001 -i.0069e+001
-2.1101e+002 1.0260e+002 3.7078e+001 1.1810e+O01 1.7691e+001 -3.3818e+001
Columns 13 through 17
-4.3743e+000 2.9658e+000 -2.8631e+000 -1.3750e+000 -2.0617e-001
-7.0344e+000 7.5784e+000 -1.3482e+000 -1.7679e+000 -1.0116e+001
Input/Output Matrix [D]
0
0
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8.3.2.2 20×3×3Grid
System Matrix [A]
Columns 1 through 6
-8.0831e+001 -2.3762e+002
2.4335e+002 -4.0768e+002
-1.2008e+002 8.2492e+002
4.9785e+001 -2.3172e+002
-8.9752e+001 3.9894e+002
4.4009e+001 -2.0361e+002
3.5981e+001 -1.6012e+002
-2.6242e+001 1.1707e+002
7.8240e+000 -3.4927e+001
-1.3911e+001 6.2035e+001
4.1429e+000 -1.8490e+001
-6.4412e+000 2.8742e+001
1.5951e+000 -7.1165e+000
-i. I163e+000 4.9805e+000
3.9209e-001 -1.7494e+000
-5.0634e-001 2.2591e+000
9.4549e-002 -4.2184e-001
Columns 7 through 12
-1.6391e+001
-2.8012e+001
1.7546e+002
-2.1594e+002
-i.0392e+003
1.2189e+003
-1.5809e+003
1.6258e+003
-8.0071e+002
1.2549e+003
-3.6853e+002
5.6952e+002
-1.4027e+002
9.8165e+001
-3.4460e+001
4.4519e+001
-8.3254e+000
7 8957e+000
1 6930e+000
-i 5057e+002
1 6919e+002
7 3341e+002
-6 4558e+002
1 5800e+003
-I 9511e+003
1 7172e+003
-2 2654e+003
6 2851e+002
-9 6798e+002
2 3737e+002
-i 6595e+002
5 8257e+001
-7 5260e+001
1 4078e+001
Columns 13 through 17
-1.2932e+000 8.8110e-001
-6.
-9.
4.
2.
i.
2
-7
-3
8
6
-2
-2
3
-i
1
-3
6970e+000 2.9214e+000
0156e÷000 -2.7423e+000
5313e+000 5.4978e+000
0322e+001 2.1075e+001
9609e+001 -3.1577e+001
1608e+001 8.8711e+001
5223e+001 -1.3838e+002
i195e+001 -1.4075e+002
3095e+002 £4.7256e+001
2929e+002 -4.3347e+002
6414e+003 2.4026e+003
3172e+003 4.1506e+002
2785e+003 -7.3598e+003
0364e+003 -5.7799e+002
4858e+003 -6.2448e+003
0408e+002 -5.2502e+001
-2 4279e+001
-6 5485e+002
-4 3398e+002
2 6493e+002
-7 7778e+002
3 2216e+002
2 5023e+002
-i 8412e+002
5 5503e+001
-9 8554e+001
2 9308e+001
-4 5573e+001
1 1284e+001
-7 8977e+000
2 7738e+000
-3 5820e+000
6 6911e-001
3 5453e+000
6 3881e+000
-3 9959e+001
5 0304e+001
1 9522e+002
-i 7947e+002
8 0407e+002
-I 7080e+003
-5 3548e+002
2 0025e+003
-5 3716e+002
8.4994e+002
-2.1770e+002
1.5333e+002
-5.3606e+001
6.9220e+001
-1.3171e+001
-1.4053e+000
-5.0179e+000
2.6890e+000
-6.9861e+000
-2.6298e+001
4.5523e+001
-1.2143e+002
1.9599e+002
2.0121e+002
1.7463e+002
6.9859e+002
-3.7595e+003
-1.7694e+003
1.8380e+004
-2.5993e+003
7.5030e+003
-1.5795e+003
-i.1006e+001
6.5546e+001
1.9499e+002
-1.6325e+002
1.0881e+003
-3.4777e+002
-2.2643e+002
1.6992e+002
-5.2264e+001
9.2402e+001
-2.7469e+001
4.2704e+001
-1.0573e+001
7.3986e+000
-2.5990e+000
3.3557e+000
-6.2672e-001
9.4518e+000
5.3172e+001
8.9316e+001
-5.6047e+001
-2.3762e+002
-I.0137e+002
-5.0530e+002
1.3627e+003
-2.2080e+002
-3.7971e+003
3.1795e+003
-3.7259e+003
8.5394e+002
-6.0817e+002
2.1403e+002
-2.7722e+002
5.0869e+001
2.3677e-001
1.7242e-001
-4.1457e+000
4.7291e+000
1.8847e+001
-1.5061e+001
6.3272e+001
-I.1335e+002
-i.0326e+002
1.9110e+002
-1.3583e+002
1.0895e+003
-6.6328e+002
-6.2113e+003
-4.3101e+002
-i.1786e+004
-2.6536e+003
-9.3918e+000 3.8519e+001
3.0660e+001 1.4726e+002
7.2874e+002 -9.0741e+001
-1.0878e+003 2.5794e+002
-1.2054e+003 1.9803e+002
1.0986e+003 -6.3949e+002
1.0898e+003 -1.3591e+003
-7.4159e+002 8.2990e+002
2.0636e+002 -2.1880e+002
-3.7090e+002 4.0243e+002
I.I095e+002 -I.1872e+002
-1.7250e+002 1.8520e+002
4.2728e+001 -4.5956e+001
-2.9905e+001 3.2154e+001
1.0505e+001 -i.1297e+001
-1.3564e+001 1.4585e+001
2.5326e÷000 -2.7223e+000
4.1806e+000 -6.0721e+000
1.7608e+001 -2
7.6169e+000 2
6.0994e+000 -2
1.8842e+001 -8
-i.0716e+002 1
1.8952e+002 -4
-2.4338e+002 6
-1.9028e+002 6
-2.5941e+003 1
-9.5163e+002 2
2.2666e+003 -6
-7.7236e+002 3
5.1506e+002 -2
-1.8322e+002 8
2.3313e+002 -i
-4.2669e+001 2
3139e+001
1882e+000
1821e+001
0148e+001
8433e+002
2139e+002
0204e+002
0454e+002
7795e+003
0955e÷003
9498e+003
9212e+003
4785e+003
8212e+002
0918e+003
1244e+002
-6 2074e-001
-2 0624e+000
2 0549e÷000
-3 9265e+000
-i 4973e+001
2 1823e+001
-6 3606e+001
1 0600e+002
1 0581e+002
2 5657e+001
3 1492e+002
-1.7664e+003
-5.8216e+002
8.9025e+003
-3.3418e+002
8.6370e+003
2.8574e+002
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Input Matrix [B]
8.6027e+002
-9.7457e+002
6.5451e+002
-2.6276e+002
4.7994e+002
-2.3679e+002
-1.9174e+002
1.3995e+002
-4.1738e+001
7.4189e+001
-2.2095e+001
3.4352e+001
-8.5060e+000
5.9528e+000
-2.0909e+000
2.7001e+000
-5.0419e-001
Output Matrix [C]
Columns 1 through 6
-5.9238e+002 -8.4183e+002 -5.8859e+002 1.5571e+002 3.0401e+002 5.9407e+001
-6.2388e+002 -4.9035e+002 2.8578e+002 -2.1171e+002 -3.7135e+002 2.2936e+002
Columns 7 through 12
6.4280e+001 -6.8326e+001 -1.4187e+001 7.4199e+001 1.4560e+001 -1.3534e+001
-1.8064e+002 1.2258e+002 3.9477e+001 -I.0981e+000 1.6838e+001 -3.1703e+001
Columns 13 through 17
-8.3285e+000 5.8599e-001 -1.9637e+000 -1.7740e+000 -3.7570e-001
-1.5866e+000 5.9150e+000 -8.4767e+000 3.4320e+000 -4.2146e+000
Input/Output Matrix [D]
0
0
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8.3.3
-6
-i
1
-2
ID Model from 2D Averaged Data
System Matrix [A]
Columns 1 through 6
-9.8584e+001 2.4455e+002
-2.8000e+002 -1.4186e+002
-3.0312e+002 -1.5407e+003
-2.4737e+002 -2.4315e+002
-8.8897e+001 -2.2576e+002
1.5402e+002 3.8103e+002
-1.6297e+002 -2.3407e+002
1.6455e+002 2.9834e+002
-I.0043e+002 -1.6631e+002
1.6757e+001 2.6745e+001
-8.3077e+001 -1.4773e+002
-i.0901e+000 -5.9525e-001
-4.8729e+001 -8.4991e+001
Columns 7 through 12
1.2185e+002 -4.4489e+001
-2.3521e+002
4.6027e+002
-5.6916e+002
2 8608e+002
-3 2350e+003
-8 7731e+002
3 4071e+003
-8 9785e+002
1 3322e+002
-i 0200e+003
-I 2556e+001
-5 6226e+002
-2 0590e+002
5 0430e+002
-6 0448e+002
-4 4595e+002
8 7985e+002
-3 0424e+003
-i 9011e+003
4 5798e+003
-6 0813e+002
2 1877e+003
-4 6541e+001
1.0281e+003
Column 13
4 9590e+001
2108e+001
ii02e+002
9024e+002
3820e+002
7672e+002
-5 0154e+002
7 0727e+002
3 5872e+002
8.7032e+002
4.3775e+003
-6.5665e+003
-2.0530e+003
1.6793e+002
1.4511e+003
-3 9981e+002
-i 3903e+003
-6 2326e+002
6 8001e+002
-5 9834e+002
4 9248e+002
-3 4549e+002
5 4938e+001
-2 7794e+002
-2 6441e+000
-i 6060e+002
2.0341e+002
-2.4207e+002
1.2190e+003
-4.8376e+002
-2.2527e÷003
1.6473e+003
-5.5400e+002
8.7442e+002
-4.4008e+002
6.8069e+001
-4.1020e+002
-3.7015e+000
-2.3313e+002
2 7052e+001
-I 5972e÷002
3 1377e+002
-4 0688e+002
-3 5490e+001
-3 6715e+002
-9 0788e+002
-4.4534e+003
-1.4257e+003
1.7031e+002
-3.3635e+003
-1.4002e+002
-1.7322e+003
-2.8182e+001
4.8691e+001
-4.2673e+001
1.4473e+002
-5.1368e+001
3o2932e+002
3.0846e+002
6.5000e÷002
4.4204e+002
-3.4059e+001
3.9685e+003
•1.7375e+002
7.3388e+002
-7.1015e+001 1.7131e+002
1.2358e+002 -3.4936e+002
5.6456e+002 -3.5812e+002
2.0570e+003 -1.6233e+003
-1.4243e+002 2.3804e+002
3.4002e+002 -6.8877e+002
-5.3727e+002 3.2588e+003
5.3415e+002 -1.5768e+003
-2.7518e+002 8.5709e+002
4.7297e+001 -1.6234e+002
-2.3463e+002 6.1397e+002
-1.6848e-001 1.3009e+001
-1.2837e+002 3.8545e+002
-8.6517e+001 2
1.0008e+002 1
2.7896e+001 -I
3.0481e+002 7
-1.9536e+002 8
8.4099e+002 -2
6 7582e+002 1
-6 2777e+002 9
2 5041e+003 5
-4 4839e+003 -2
-2 1793e+003 1
-2
-3
.i196e+001
7938e+001
2451e+002
1453e+001
0668e+001
5436e+002
5670e+002
0295e+002
0311e+002
3094e+002
0737e+003
1985e+002-1.4654e+002
9973e+003 3.1347e+003
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Input Matrix [B]
9.7210e+002
8.0536e+002
1.1889e+003
1.0025e+003
5.0362e+002
-8.5236e+002
7.6198e+002
-8.0286e+002
4.9182e+002
-8.0081e+001
4.1501e+002
3.5179e+000
2.3900e+002
Output Matrix [C]
Columns 1 through 6
-6.3659e+002 8.1445e+002 -7.0900e+002 1.0345e+003 -7.9062e+001 6.4761e+002
-7.3606e÷002 6.3800e+000 9.6624e+002 6.2264e+001 -5.0451e+002 6.9652e+002
Columns 7 through 12
8.0468e+002 4.8980e+002 4.5218e+002 -1.6378e+002 -3.0209e+002 -6.4401e+001
-3.4003e-002 -6.5999e+002 -2.3037e+002 -3.8097e+001 -2.9737e+002 1.9047e+002
Column 13
1.2770e+002
2.3890e+002
Input/Output Matrix [D]
0
0
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